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C/} . Abstract 

in 

We prove that a convex subcomplex of a spherical building of type Ej or E$ is a 
subbuilding or the group of building automorphisms preserving the subcomplex has a 
fixed point in it. Together with previous results of Miihlherr-Tits, and Leeb and the 
author, this completes the proof of Tits' Center Conjecture for thick spherical buildings. 

1 Introduction 

The Center Conjecture was first proposed by J. Tits in the 50's and in its actual version it 
reads as follows (compare |MT06j and [Se05t Conjecture 2.8]). 

vo' 

Conjecture 1.1 (Center Conjecture). Suppose that B is a spherical building and that K C 
B is a convex subcomplex. Then K is a subbuilding or the action StabAut{B){K) cx K of the 
O ' automorphisms of B preserving K has a fixed point. 

O 



A building automorphism is an isometry, which preserves the polyhedral structure of the 
building. In particular, it induces an isometry of the model Weyl chamber, which may be 
nontrivial. If it is trivial, the automorphism is type preserving. The isometries of the model 
Weyl chamber can be identified with the symmetries of the Dynkin diagram. 

A fixed point of the action StabAut{B){K) rx K is called a center of the subcomplex K. 

Apparently, the first motivation of Tits for considering the Center Conjecture was to prove 
a result associating a parabolic subgroup P to a unipotent subgroup U of a reductive algebraic 
group G |Ti62l Lemma 1.2]. This result is a direct consequence of the Center Conjecture. The 
desired parabolic subgroup is obtained as the center of the fixed point set of the action U rx B, 
where B is the building associated to the group G. This result was later obtained by Borel and 
Tits in |BT71j using other methods. 

In Geometric Invariant Theory a special case of the Center Conjecture is used to find 
parabolic subgroups that are most responsible for the instability of a point (see [Mu65j ). This 
special case was proven by Rousseau [Rou78j and Kempf |Ke78j . 
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From the point of view of metric geometry and CAT(l) spaces, a natural generalization 
of Conjecture 11.11 is to drop the assumption of K being a subcomplex and consider arbitrary- 
closed convex subsets C C B. Such a subset C is a CAT(l) space itself. We can also forget the 
ambient building and look for fixed points for the whole group of isometries Isom(C). 

Conjecture 1.2. If C is a closed convex subset of a spherical building B, then C is a subbuild- 
ing or the action Isom(C) r\ C has a fixed point. 

Conjecture 11.21 was answered positively in |BL05j for the case dim(C) < 2. The strategy of 
their proof is basically to consider a smallest Jsom(C)-invariant closed convex subset Y C C 
and then prove that if Y is not a subbuilding, it has intrinsic radius < | (by intrinsic radius of 
Y we denote the infimum of the radii of balls centered at Y and containing Y). If a CAT(l) 
space X has intrinsic radius < |, it was also shown in [BL05] that the set Z of circumcenters 
of X is not empty and has radius < |, in particular, Z d X has a unique circumcenter and it 
is fixed by Isom(X). It follows that Isom(C) fixes a point in Y C C. 

If C C B has intrinsic radius 7r then it must be a building (see |BL06j ) and if it has intrinsic 
radius < | , it satisfies the fixed point property asserted in Conjecture 11.21 It is natural to ask 
if there are closed convex subsets between these two possibilities or if Conjecture 11.21 is just a 
consequence of a more general "gap phenomenon" (cf. [KL06] Question 1.5]). 

Conjecture 1.3. If C is a closed convex subset of a spherical building B, then C is a subbuild- 
ing or radc(C) < f. 

If dim(C) < 1 then it is easy see that Conjecture 11.31 holds, namely, a one-dimensional 
convex subset is a building or a tree of radius < |. Another easy case is when the building B 
is just a spherical Coxeter complex, i.e. B is a round sphere with curvature = 1, then C is a 
sphere or has intrinsic radius < |. 

Unfortunately, we do not know more positive results for the Conjectures 11.21 and 11.31 other 
than those mentioned above. Notice that we have the implications 11.31 =>- 11.21 =>- 11.11 

If A' is a convex subcomplex of a reducible building B — Bi o • ■ ■ o B^, then K decomposes 
as a spherical join K — K\ o ■ ■ ■ o where Ki C Bi is a convex subcomplex for i — 1, . . . , k. 
Thus, the Center Conjecture easily reduces to the case of irreducible buildings. For irreducible 
buildings of classical type (i.e. A n , B n and D n ) the Center Conjecture was shown in [MT06] . 
The proof uses the incidence-geometric realizations of the corresponding different types of 
buildings. 

Our approach is of differential-geometric nature, using methods of the theory of metric 
spaces with curvature bounded above. The cases of buildings of type F 4 and E$ are settled in 

The main result in this paper is: 
Theorem 1.4. The Center Conjecture \1.1\ holds for spherical buildings of type Ej and E$. 

The case of buildings of type H 3 can be easily treated with our methods or just be considered 
as a consequence of the result in |BL05j . Hence we have the following result. 
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Corollary 1.5. The Center Coniecture \l.l\ holds for spherical buildings without factors of type 

While any spherical Coxeter complex is a spherical building, not all spherical Coxeter com- 
plexes occur as Coxeter complexes for thick spherical buildings ( |Ti77j ). namely, there are no 

thick spherical buildings of type H 3 ('. s2 . 3 .) and H4 ('. s2 . 3 . i). Any spherical building has a 

canonical (depending only on its isometry type) thick structure resulting by restricting to a 
subgroup of the Weyl group ( |Sch87j . |KL98t Sec. 3.7]). The polyhedral structure so obtained 
is coarser. The Center Conjecture is more natural when posed for thick spherical buildings, 
because in this way K is a subcomplex of the natural polyhedral structure of B. In this case 
we have: 

Corollary 1.6. The Center Conjecture \1.1\ holds for all thick spherical buildings. 

A completely different approach for spherical buildings B associated to algebraic groups G 
and the special case of subcomplexes K which are fixed point sets of the action of a subgroup 
H C G can be found in [BMR09J. They show that such a subcomplex is a subbuilding or 
the action Stabc(K) rx K fixes a point. In [BMRT09J this result is extended to the action 
Stab Aut(G) (K) rx K. 
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useful comments and corrections on previous versions of this paper. I gratefully acknowledge 
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nologia (Mexico) and the Deutscher Akademischer Austauschdienst, also from the Deutsche 
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2 Preliminaries 

2.1 CAT(l) spaces 

Recall that a CAT(l) space is a complete 7r-geodesic metric space where geodesic triangles are 
not thicker than those in the round sphere with curvature = 1 . 

For points x, y in a CAT(l) space X at distance < ir, we denote by xy the unique segment 
connecting both points. Let m(x, y) denote the midpoint of the segment xy. 

A subset C of a CAT(l) space is called convex, if for any x, y G C at distance < 7r the 
segment xy is contained in C. A closed convex subset of a CAT(l) space is itself CAT(l). 

Let A be a subset of a CAT(l) space X and let x G X. The radius of A with respect to 
x is defined as rad(x,A) := sup{ci(a;, y)\y G A} and the circumradius of A in X is radx(A) = 
inf{rad(x, A)\x G X}. A point a; G X, such that rad(x, A) = radx{A) is called a circumcenter. 

For more information on CAT(l) spaces we refer to [BH99J. 



2.2 Coxeter complexes 

A spherical Coxeter complex (S, W) is a pair consisting in a round sphere 5 with curvature = 1 
together with a finite group of isometries W, called the Weyl group, generated by reflections 
on great spheres of co dimension 1. 

There is a structure of spherical polyhedral complex on 5* induced by W. The spheres of 
codimension 1, that are the fixed point sets of the reflections in W are called the walls. The 
Weyl chambers are the closures of the connected components of S minus the union of the walls. 
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A root is a top-dimensional hemisphere bounded by a wall. A singular sphere is an intersection 
of walls. 

The geometry of a spherical Coxeter complex can be encoded in a graph, the so-called 
Dynkin diagram. A labelling by an index set I of the vertices of the Dynkin diagram induces a 
labelling of the vertices of S. We say that a vertex in S is an i-vertex for i 6 J, if it has label i. 

We refer to }GB71] and |KL98l Sec. 3.1, 3.3] for further information on spherical Coxeter 
complexes. 

2.3 Spherical buildings 

We refer to [AB08j . [KL98] and |Ti74] for more information on spherical buildings. We will 
consider spherical buildings from the point of view of CAT(l) spaces as presented in |KL98j . 

A spherical building B modelled in a spherical Coxeter complex (S, W) is a CAT(l) space 
together with an atlas A of isometric embeddings S B (the images of these embeddings 
are called apartments) with the following properties: any two points in B are contained in a 
common apartment, the atlas A is closed under precomposition with isometries in W and the 
coordinate changes are restrictions of isometries in W . The empty set is considered to be a 
building. 

The polyhedral structure of (S, W) induces a polyhedral structure on the building B. The 
objects (walls, roots,... ) defined for spherical Coxeter complexes can be defined for the building 
B as the corresponding images in B. 

A subbuilding is a convex subcomplex if of a building, such that any two points in K are 
contained in a singular sphere s C K of the same dimension as K. A subbuilding carries a 
natural structure as a spherical building (cf. |LR09t Proposition 2.3]). 

3 Spherical Coxeter complexes 

This section contains some geometric properties of spherical Coxeter complexes. 

In our arguments later, we will need some information on singular spheres of codimension 
< 2 in the different Coxeter complexes. 

If the Coxeter complex (S, W) is irreducible and its Dynkin diagram has no weights on its 
edges, i.e. if it is of type A n , D n , E 6 , E 7 or E s , then it is easy to see, that the Weyl group 
acts transitively on the set of roots ( |GB71t Proposition 5.4.2]). In particular all walls (singular 
spheres of codimension 1) are equivalent modulo the action of W. If there is more than one 
orbit of roots, then we define the type of a wall as the type of the center of the corresponding 
root. Note that this definition is independent of which of both roots we take. 

A singular sphere of codimension 2 is the intersection of two different walls. We define 
the type of a sphere of codimension 2 as the type of the circle spanned by the centers of the 
corresponding roots. 

We gather in the next sections some of the geometric properties of the different Coxeter 
complexes. This information can be deduced from the data in the Appendix [A] 
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3.1 The Coxeter complex of type D n 

For n > 4 let (S,Wo n ) be the spherical Coxeter complex of type D n with Dynkin diagram 




-V-? m It has dimension n — 1. 



The (n — l)-vertices are the vertices of root type. All hemispheres bounded by walls are 
centered at a (n — l)-vertex. 

For n > 5 the Dynkin diagram has one symmetry: it exchanges the vertices 1 «-> 2 and fixes 
the others. This symmetry is induced by the canonical involution of the Weyl chamber A^" d 
if n is odd. If n is even, then the canonical involution is trivial. For n = 4 the Dynkin diagram 
has six symmetries, they permute the vertices 1, 2, 4 and fix the vertex 3. 

We describe now the possible lengths and types (modulo the action of the Weyl group) of 
segments between vertices. We list only the ones that we will need later. 



• Distances between two n-vertices x and x'\ 



Distance 


Simplicial convex hull of segments xx' 


0,7T 




TT 

2 


singular segment of type n(n — l)n 



• Distances between two (n — l)-vertices x and x'\ 



Distance 


Simplicial convex hull of segments xx' 


0,7T 






singular segment of type 


[n — l)n(n — 1) for n > 4/ 




singular segment of type (n 

i 


-l)(n-3)(n-l), if n> 6; 


TT 

2 


4 






4 , if n = 5. 




2 

singular segment of type 313 or 323, if n — 4. 




77, 






71-2 




n — K 






ytn- 1 

, if n > 5; 




n 

TT 

3 


77 


- 1 

2tt 
3 


77 




if n=4, the simplicial 


convex hull of a segment xx' of 


TT 

3 V 3 > 


length | is 3-dimensional: 








2 






3 


4 


j> 3 

r 
i 




A segment xx' of length 2ze 


consists of two segments of 






length f 


as above. 



• Distances between two 1- (2)- vertices x and x'\ 
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Distance 


Simplicial convex hull of segments xx' 


arccosf^^) for 
fc = 0, !,...,[§] 


singular segment of type l{2k + 1)1, {2{2k + 1)2 resp.) 



• Distances between a 1- (2)-vertex x and a n-vertex ?/: 



Distance 


Simplicial convex hull of segments 


arccos(-J=) 


singular segment of type In, (2n resp.) 


arccosf — )=) 


singular segment of type 12n, (2 In resp.) 



The following properties of singular spheres in D n can be easily seen in the vector space 
realization of the Coxeter complex presented in Appendix [A] 

A wall in S contains a singular sphere of codimension 1 spanned by n — 2 pairwise orthogonal 
n-vertices. 

The convex hull of n— 1 pairwise orhogonal n-vertices and their antipodes is a (n — 2)-sphere, 
but it is not a wall, in particular, it is not a subcomplex. Its simplicial convex hull is S. 

If n > 5 (n = 4) there are three (four) types of singular spheres of codimension 2. They 
correspond to the two (three) types of segments connecting two (n — l)-vertices at distance | 
and the unique type of segments connecting two (n — l)-vertices at distance |. We say that a 
sphere of the last type is a (n — 3)-sphere of type |. 

A singular sphere of codimension 2 always contains a singular (n — 5)-sphere spanned by 
n — 4 pairwise orthogonal n-vertices. 

Let h be a singular hemisphere of codimension 1 bounded by a singular (n — 3)-sphere s. 
It is the intersection of a wall and a root bounded by a different wall. If n > 6 and s is of type 
(n — l)n(n — 1) (or (n — l)(n — 3)(n — 1)), then ft is centered at a (n — l)-vertex x. The link 
E^ft in the Coxeter complex Tj x S of type D n _ 2 o A\ is a wall of type n (or (n — 3)). If n > 5 and 
s is of type |, then h is centered at a point contained in a singular segment of type n(n — 2), 
it is the midpoint of two (n — l)-vertices at distance |. 

3.2 The Coxeter complex of type Eq 

2 3 4 5 6 

Let (S 1 , W^J be the spherical Coxeter complex of type E e with Dynkin diagram ' J '. It 
has dimension 5. 

The 1-vertices are the vertices of root type. All hemispheres bounded by walls are centered 
at a 1-vertex. 

The Dynkin diagram has one symmetry, namely, the one that exchanges the vertices 2^6, 
3^5 and fixes the 1- and 4-vertices. It corresponds to the canonical involution of the Weyl 
chamber A^ 6 od . Therefore, the properties of i- and (8 — i)-vertices for i = 2,3, 5, 6, are dual to 
each other. 

We describe now the possible lengths and types (modulo the action of the Weyl group) of 
segments between vertices. We list only the ones that we will need later. 

• Distances between two 2- (6)-vertices x and x'\ 
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Distance 


Simplicial convex hull of segments xx' 







arccos(|) 


singular segment of type 232 (656) 


2vr 
3 


singular segment of type 262 (626) 



• Distances between a 2-vertex x and a 6-vertex y: 



Distance 


Simplicial convex hull of segments xx' 


7T 




arccos(— |) 


singular segment of type 216 


7T 

3 


singular segment of type 26 



3.3 The Coxeter complex of type E-j 



Let (S, We 7 ) be the spherical Coxeter complex of type E 7 with Dynkin diagram 
It has dimension 6. 

The Dynkin diagram for E-j has no symmetries, therefore all automorphisms of (S, We?) are 
type preserving. 

These are the one dimensional singular spheres in (S, We?)' 




The 2-vertices are the vertices of root type. All hemispheres bounded by walls are centered 
at a 2-vertex. 

We describe now the possible lengths and types (modulo the action of the Weyl group) of 
segments between vertices. We list only the ones that we will need later. 



• Distances between two 2-vertices x and x': 
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Distance 


Simplicial convex hull of segments xx' 


0,7T 




TT 

3 


singular segment of type 232 


TT 

2 


singular segment of type 262 


2vr 
3 


singular segment of type 23232 



• Distances between two 7- vertices x and x'\ 



Distance 


Simplicial convex hull of segments xx' 


0,7T 




arccos(|) 


singular segment of type 767 


arccos(— |) 


singular segment of type 727 



• Distances between a 2-vertex x and a 7-vertex y: 



Distance 


Simplicial convex hull of segments xy 


arccos(-^) 


singular segment of type 27 


IT 

2 


singular segment of type 217 


arccos(— -j=) 


singular segment of type 2767 



3.4 The Coxeter complex of type Eg 

2 3 4 5 6 7 8 

Let (S, We 8 ) be the spherical Coxeter complex of type E s with Dynkin diagram ' ' ' ' '. 
It has dimension 7. 

The Dynkin diagram for E 8 has no symmetries, therefore all automorphisms of (S, We 8 ) are 
type preserving. 

The 8-vertices are the vertices of root type. All hemispheres bounded by walls are centered 
at an 8-vertex. 

These are the one dimensional singular spheres in (S, We 8 )' 
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We describe now the possible lengths and types (modulo the action of the Weyl group) of 
segments between vertices. We list only the ones that we will need later. 



Distances between two 8-vertices x and x'\ 



Distance 


Simplicial convex hull of segments xx' 


0,7T 




7T 

3 


singular segment of type 878 


7T 

2 


singular segment of type 828 


2tt 
3 


singular segment of type 87878 



Distances between two 2- vertices x and x'\ 



Distance 


Simplicial convex hull of segments xx 1 


0,7T 




arccos(|) 


singular segment of type 232 


7T 

3 


singular segment of type 262 


arccos(|), arccos(— \) 


2 

( ^^^^^^^^^ 




^arccos(|) arccos( — |) - 


tt/2 


singular segment of type 282 / 
singular segment of type 25152 


2tt 
3 


singular segment of type 26262 


arccos(— |) 


singular segment of type 21812 
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The possible distances between two 7-vertices x and x' are arccos(|) for integer —6 < 
k < 6. Here we will just need to describe the following segments: 



Distance 



Simplicial convex hull of segments 



xx 



Comments 



arccos (— I 



Vl 8 




There are two types of seg- 
ments xx'. The simplicial 
convex hull C of xx' is 2- or 
3-dimensional, resp. 
For the case dim(C) = 3, 
we present two perspectives 
from the front and from be- 
hind of a larger polyhedron 
C . It is the simplicial con- 
vex hull of xx' U {2/2,2/2}- 
We describe T, m C below. 

(t) 



arccos 



singular segment of type 76867 / 




arccosf- 3 J 



singular segment of type 7342437 



We present here only the 
segment xx', such that the 
simplex containing xx' does 
not contain 2- or 8- vertices. 



(t) 

For a detailed description of the 3-dimensional 
spherical polyhedra C and C we refer to 
Appendix IA.41 p]49l 



my 1 




i" in 



The possible lengths of segments xx', such that tc > d(x, x') > | and the simplex contain- 
ing the direction xx' in its interior does not contain a 2- or 8- vertex, are only arccos(— |) 
and arccos (— |). 

• Distances > | and < ir between two 1-vertices x and x', such that the simplex containing 
xx' in its interior has no 2-, 7- or 8-vertex: 
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Distance 


Simplicial convex hull of segments xx' 




i 


5 


arccos(— |) 


1 \ / \ / / 




/ \ / \ / 1 




! 




6 




■ arccos(— |) 






3 


singular segment of type 13831 






1 




3 s^/f^y 


[6/ 




arccos(— |) 


//A / IL-frv 
i / // >)M/X 

6 \7 M//^ 


\1 
<3 


Jr/ ' \ /I 
/ 1/ 

/y^^ 4 




8 5 

arccos(— |) 


6 1 


arccos(— |) 


singular segment of type 1658561 



Distances > | and < 7r between two 6-vertices x and a/, such that the simplex containing 
xx' in its interior has no 1-, 2-, 7- or 8-vertices: 



Distance 


Simplicial 


convex hull of 


sc 


gments xx' 


arccos(— \) 


singular se 


gment of type 65856 








7 


4 6 


4 




7 








4 








4 


3 


6 


3 


5 


\tt>\ 


/ e y 






/ 6 
3 








4 8 


4 




5 










2t 
3 


















8 


5 


6 


i 










5 






jiW 




4 


1 


arccos(— |) 


6 


3 




\ V\ \ 


/ /§r' 




6 
5 


/ 6 
3 








5 


4 8 


4 














arccos(— | 


) 









Distances between a 2-vertex x and an 8-vertex y: 



Distance 


Simplicial convex hull of segments xy 


7T 

4 


singular segment of type 28 


arCCOS (^) 


singular segment of type 218 


7T 

2 


singular segment of type 2768 


arccos (__^) 


singular segment of type 23218 


3tt 
4 


singular segment of type 2828 



Distances > | between a 7-vertex x and an 8-vertex y: 
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Ristan ce 


Simplicial convex 


hull of segments xy 


5vr 
6 


singular segment of type 787878 


arccos(— ^) 


singular segment of type 72768 




— ' 


' — ~1 




arccos (__^) 


8 \ \ \ / 

9 - \ 


( x / 


1/ 8y 

2 
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4 Convex subcomplexes 

In this section we will describe some general properties of convex subcomplexes of buildings, 
as well as some results for buildings of specific types. These will be needed later in the proof 
of the Center Conjecture. 

Let K be a convex subcomplex of a spherical building B. 

Let v G Yi x K. We say that v is d- extendable, if there is a segment xy C K of length d and 
so that v = xy. 

We say that a point x G K is interior in K, if the link S^i^ is a subbuilding of T, X B. 

Lemma 4.1. Let X\X2 d K be a segment. Suppose z is a point in the interior of the simplicial 
convex hull of ' x\Xi, which has an antipode z G K. Then Xi has also an antipode in K. 

Proof. Let C be the simplicial convex hull of X\X2- Notice that C is contained in an apartment 
and S Z C is a sphere. Let ji C K for i = 1, 2 be the geodesic connecting z and z, such that the 
initial direction of 7, at z is the antipode in S 2 C of ZX{. Then U 7$ is a geodesic of length 
> 7r. It is clear that 7$ contains an antipode of Xj. □ 

The following results give us conditions, under which K satisfies the conclusions of the 
Center Conjecture 11.11 

The next Lemma puts together the results |LR09l Prop. 2.4, Lemma 2.5]. Compare also 
[SeM Thm. 2.2] and [KL981 Prop. 3.10.3]. 

Lemma 4.2. The following assertions are equivalent: 

(i) K is a subbuilding of B, 
(ii) every vertex of K has an antipode in K , 

(Hi) K contains a sphere of dimension equal to the dimension of K. 



The following result was stated in (LR091 Cor. 2.10] for convex subcomplexes, but the proof 



works also for closed convex subsets. In |BL05j a more general result is shown, namely, for an 
arbitrary CAT(l) space C of finite dimension and the action Isom(C) rx C. 

Lemma 4.3. Let C C B be a closed convex subset. Suppose that radc(C) < | ; then the action 
StabAut{B)(C) r\ C has a fixed point. 
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Lemma 4.4 ([LR09, Cor. 2.12]). If K contains a singular sphere of dimension dim(K) — 1, 
then K is a subbuilding or StabAut(B){K) rx K has a fixed point. 



4.1 Convex subcomplexes of buildings of type D n 

In this section let L C B be a convex subcomplex of a building of type D n for n > 4. We use 



the following labelling of the Dynkin diagram 



i 



3 4 n-1 n 



2* 




Lemma 4.5. Let n = A, i.e B is of type D± and suppose that L contains a pair of antipodal 

1- vertices and a pair of antipodal j-vertices for i ^ j and i,j G {1,2,4}. Then it contains a 
singular circle of type 1241241. 

Proof. By the symmetry of the Dynkin diagram of type we may assume w.l.o.g. that i — 1 
and j = 2. Let a, a' G L be the antipodal 1- vertices and let b,b' G L be the antipodal 2- vertices. 
If b lies on a geodesic 7 connecting a and a', then 7 is of type 1421. The convex hull of b' and 
a small neighborhood of b in 7 is the desired circle. 

Let us suppose then, that d(a, b) +d(b, a 1 ) > ir. The segments 
ba and ba' are of type 241. Let c,c' be the 4- vertices on the 
segments ba and ba', respectively. Let d, d' be the 2-vertices on 
the segments ad and a'c, respectively. Since c, d are adjacent 
to b, it follows that the segment cd is of type 434. Let m be 
the 3- vertex m(c, d), then the segment mb' is of type 3232. This 
implies that mb' must be antipodal to md or md'. In particular 
b' is antipodal to d or c?'. Either way, we find the desired circle, as above. □ 

Remark 4.6. The proof of Lemma H~5l shows that we can choose the circle in L to contain the 
two antipodal i-vertices or the two antipodal j-vertices. 

Lemma 4.7. If L contains a singular (n — 2)-sphere S (i.e. S is a wall) and x G L is a 1-, 

2- or n-vertex without antipodes in S, then T< X L contains an apartment. In particular, x is an 
interior vertex in L. 

Proof. Let first x be an n-vertex. The sphere S contains n — 2 pairwise orthogonal n-vertices 
and their antipodes. They span a singular {n — 3)-sphere S' C S. Since x has no antipodes in S, 
then it must have distance | to all these n-vertices, and h := CH(S', x) is a (n — 2) -dimensional 
hemisphere centered at x. Put D% := A3. The link Tj x B has type -D n _i. Y, x h is a (n — 3)-sphere 
spanned by n — 2 pairwise orthogonal (n — l)-vertices. This (n — 3)-sphere is not a subcomplex, 
its simplicial convex hull is an apartment contained in T, X L. 

We may now assume w.l.o.g. that x is a 1 -vertex. We prove the assertion by induction on 
n. Let B be of type D 3 with Dynkin diagram '. I \. In this case the 1-dimensional sphere S 
contained in L C B is a circle of type 1312321. Since the 1-vertex x has no antipodes in S, it 
must be adjacent to the 2-vertices in S and therefore it is also adjacent to the 3- vertex between 
them. It follows that the convex hull CH(S, x) is a 2-dimensional hemisphere with x in its 
interior. T, x CH(S,x) is an apartment in H X L. 
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Let now B be of type D n for n > 4. Let y±,y2 G 5* be two antipodal n-vertices. If x lies 
on a geodesic of length 7r connecting y\ and 1/2, then the geodesic yixy2 is of type n21n. The 
link T, yi L is of type -D n _i. By induction it follows that E 
therefore, E^L contains also an apartment. 



yii T, yi L contains an apartment, and 




On the other hand, if d(x, yx)+d(x, 2/2) > 7r, then the segments 
are of type 12n. Let Zi be the 2- vertex on the segment xy^. 
Since is adjacent to we deduce that z\ 7^ z 2 . Since the link 
E X L has type A n _i, it follows that the segment xz[xz^ C E X .L is of 
type 232. Again by the induction hypothesis, E^E^L contains 
an apartment, which in turn implies that E^E^L contains an 
apartment. In particular the 2- vertices interior vertices in 

E X L. Thus, we can extend the segment xz\xz2 to a geodesic in E X .L of length n and type 232n. 
The convex hull of a small neighborhood in E^L of the interior vertex xz\ and an antipode 
contains the desired apartment in E X L. □ 

Lemma 4.8. Let n > k > 3. Suppose that L contains a singular (n — k) -sphere S spanned 
by n — k + 1 pairwise orthogonal n-vertices. Assume also that L contains a 1-vertex x and 
an antipode of x (of type 1 or 2 depending on the parity of n). Then L contains a singular 
(n — k + l)-sphere spanned by a simplex of type lk(k + 1) . . . (n — l)n. 

Proof. We prove this again by induction on n. Let B be of type D 3 := A 3 with Dynkin diagram 
'. 3 . I, that is n = k = 3. 

The hypothesis in this case is that L contains a pair of antipodal 
3-vertices a, a' and a pair of antipodal 1- and 2- vertices b', b, respec- 
tively. If b lies on a geodesic connecting a and a' , then we find a circle 
of type 2321312 (compare with the proof of Lemma Otherwise, 
d(a, b) + d(b, a') > tt. The segments ba and ba' are of type 213. Let 
c, d be the 1-vertices on these segments. It is clear that c^c' and the 
segment connecting them must be of type 131. Let m := m(c,c'). Since c and d are adjacent 
to b, it follows that m is also adjacent to b. Let d, d' be the 2-vertices in the segments of type 
321 ad and a'c. By considering the spherical triangles CH(a,c,d) and CH(a! ,c,d), we see 
that d and d' are adjacent to m. The segment mb' is of type 321. It follows that b' must be 
antipodal to d or d' (either b'md or b'md 1 is a geodesic of length n) and we find again a circle 
in L spanned by a simplex of type 13. 

The argument for the induction step is very similar. Let n > 4. Let b, b' be a pair of 
antipodal n-vertices in the (n — /c)-sphere S C L and let x' be an antipode in L of the 1-vertex 
x. If b lies on a geodesic connecting x and a/, then this geodesic is of type ln21, lnl2, 12n2 or 
12nl depending on the parity of n and if b is adjacent to x or x'. It follows that E fe L or E^L 
contains a 1-vertex and an antipode of it. 
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If d(x, b) + d(b, x') > it, then the segment bx is of type n21 and 
the segment bx' is of type nl2 or n21. Let c, c' be the vertices in the 
interior of the segments bx, bx' and let d, d! be the n-vertices on the 



X 



X' 



2d) segments c'x and cx'. Since c and <i are adjacent to x, then they 
are adjacent or cxd is a segment. In this last case, c and c' must be 
antipodal, but this cannot happen, because they are adjacent to b. 



d 



n 



So c and d are adjacent. This implies that the segment cd is of type 2(n — 1)1 or 2(n — 1)2. 
The (n — l)-vertex m := m(d, d') = m(c, c') is adjacent to b. It follows that the segment mb' is 
of type (n — l)n(n — l)n. Again we conclude that V is antipodal to d or d' . This implies that b' 
lies in a circle in L of type n21n21n or n21nl2n. In particular E&/L or £;,L contains a 1-vertex 
and an antipode of it. Suppose w.l.o.g. that it holds for E&L. It follows, that L contains a circle 
spanned by a simplex of type In. So, if k = n, we are done. Suppose then, that k < n — 1. 

We have seen that the link of type -D n -i contains a 1-vertex and an antipode of it. 
It also contains the singular (n — 1 — fc)-sphere S^S* spanned by n — pairwise orthogonal 
in — l)-vertices. By the induction assumption, S^L contains a singular (n — A;)-sphere spanned 
by a simplex of type lk(k + 1) ... (n — 1). Hence, L contains a singular (n — k + l)-sphere 
spanned by a simplex of type lk(k + 1) . . . (n — l)n. □ 

Remark 4.9. Lemma [4.51 is just the special version of Lemma [4.81 where n = k = 4. If A; = 3 
in Lemma [4.81 then the conclusion is that L contains a wall. 



Remark 4.10. The proof of Lemma [4.81 shows that if n — k, we can choose the 1-sphere in L 
to contain the 1-vertex x (this is true in general, but it is less obvious from the proof). 

4.2 Convex subcomplexes of buildings of type Eq 

In this section let L C B be a convex subcomplex of a building of type Eq. We use the following 

2 3 4 5 6 

labelling of the Dynkin diagram ' ' j ' '. 



Lemma 4.11. If L contains a singular 4- sphere S (i.e S is a wall) and x 6 L is a 2 or 6-vertex 
without antipodes in S , then T, X L contains an apartment. In particular, x is an interior vertex 
in L. 

Proof. By the symmetry of the Dynkin diagram for Eq it suffices to show it for a 2-vertex 
x G L. The wall S contains a pair of antipodal 2- and 6-vertices a and a', respectively. The 

3 5 

link S a _B (Sa'-B) is of type D 5 and Dynkin diagram ^> 5 - 6 - (• • < ^ t )- S a L and S a /L contain 
a singular 3-sphere T> a S, respectively Y< a iS. Suppose first that x lies on a geodesic 7 connecting 
a and a'. 7 is of type 23216 or 2626. Since x has no antipodes in S, the vertex ax of type 3 or 6 
has no antipodes in T, a S. It follows from Lemma \A. 71 that S^E a L contains an apartment and 
this implies in turn, that S^S X L contains also an apartment. Since xa' e Ti x L is antipodal to 
xa, this implies that E^L contains an apartment. 
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2 x On the other hand, if d(x, a) + d(x, a') > it, then the segments 

xa and xa' are of type 262 and 216. Let c be the 6-vertex on xa and 
let d be the 1-vertex on xa'. c is adjacent to a and d is adjacent 
; to a', therefore c and d cannot be adjacent and since both are 
f> ~ " 2 " adjacent to x, it follows that the segment xcxd is of type 631. It 

1 follows again from Lemma 14. 7\ that S^S a L and S^S a /L contain 

a 3-sphere. This implies that E^E^L and S^S X L contain a 3-sphere, in particular, xc and xd 

are interior vertices in S X L. The segment rccxc' is of type 631 and since xd is interior, it can 
be extended in S X L to a segment of type 6316. This means that xc has an antipode in T, X L 
implying that S X L contains a 4-sphere as desired. □ 




4.3 Convex subcomplexes of buildings of type E 



7 



In this section let L C B be a convex subcomplex of a building of type E-j. We use the following 

2 3 4 5 6 7 

labelling of the Dynkin diagram 

Lemma 4.12. If L contains a singular 5-sphere S (i.e. S is a wall) and x G L is a 1-vertex 
without antipodes in S , then Ti x L contains an apartment. In particular, x is an interior vertex 
in L. 



Proof. The wall S contains a pair of antipodal 7- vertices a\,a2- The link £ a .-B is of type E Q 

2 3 4 5 6 

with Dynkin diagram ' ' '. T, a .L contains the wall T, ai S. 



Suppose w.l.o.g. that d(x, ai) = arccos(— |). Then the segment xa\ is of type 727. Since 
x has no antipodes in S it follows that the 2- vertex a~\x has no antipodes in T, ai S. We apply 
now Lemma [4.111 to deduce that S^S ai L contains an apartment. This implies in turn, that 
S^E X L contains an apartment. Therefore, if we find an antipode in E X L of xa[, we are done. 
This is trivial if x lies on a geodesic connecting a\ and 02- 

Otherwise also d(x, 02) = arccos(— |). We may argue as above 
and conclude that S^E X L contains an apartment. In particular 
xa\ is an interior vertex in T, X L. Notice that the segment connecting 
m(x, ai) for % — 1, 2 cannot be of type 232, otherwise we find a curve 
of length < 7T connecting a 1 and a 2 . Therefore, the segment xa^xa^ 
is of type 262. Since xa~2 is interior, we can extend the segment xalxal, to a segment of type 
2626 and length n in S^L. We have found an antipode of xa[. □ 




5 The Center Conjecture 

Let B be a spherical building and K C B a convex subcomplex. We say that iiT is a counterex- 
ample to the Center Conjecture, if K is not a subbuilding and G := StahAut{B){K) has no fixed 
points in fT. 

From the Lemmata 14.21 14.31 and 14.41 we can deduce some general properties of convex sub- 
complexes K C B, which are counterexamples to the Center Conjecture: 
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1. If x G K and y G CH(G ■ x), then there exists x' G G ■ x, such that d(y, x') > |. This is 
just Lemma [4731 applied to CH(G-x). In particular, if x G ZT, then there exists x' £ G-x, 
such that <i(x, x') > |. 

Another way to look at this is the following. If P is a property of vertices in K invariant 
under the action of G, then for every point y in the convex hull of the P-vertices, we can 
find a P-vertex x with d(x,y) > |. 

2. K contains no sphere of dimension dim(K) — 1. 

3. If K has dimension < 1 and is not a subbuilding, then by Lemma I4.2[ it contains no 
circles. It follows that K is a (bounded) tree and it has a unique circumcenter, which is 
fixed by Isom(K). Hence, a counterexample K has dimension > 2. By the main result 
in |BL05j mentioned in the introduction, a counterexample has actually dimension > 3, 
but we do not use this fact in our proof. 

Let A be the property of a point in K of not having antipodes in K. Let I be the property 
of a point in x G K of being interior, i.e. Tj x K is a subbuilding of S X P, or equivalently, Yi x K 
contains a singular sphere of dimension dim(K) — 1. 

Notice that an interior point in K cannot have antipodes in K, that is, / =^> A. Otherwise 
K would contain a singular sphere of dimension dim(K) and K would be a subbuilding. 

5.1 The E^-case 

Let K be a convex sub complex of a spherical building B of type Eg, which is a counterexample 
to the center conjecture. 

Our strategy is as follows. We focus our attention mainly on the vertices of type 2 and 
8. The 8- vertices are the vertices of root type and there are few possibilities for the types of 
segments between 8-vertices. The 2-vertices have the second smallest orbit (after the 8-vertices) 
under the action of the Weyl group in the Coxeter complex of type Eg. This implies that the 
types of the segments between 2-vertices are still manageable. Another reason to consider 2- 
vertices is that their links have a relatively simple geometry, they are buildings of type D 7 . 
In these buildings, there is only one type of segments between two distinct non-antipodal 8- 
vertices, namely 878, and it has length |. First we want to prove that K cannot contain 2- 
or 8-vertices, whose links contain spheres of large dimension. This is achieved in the Lemmata 
I5.1H5.9I Then under the assumption of existence of 8/1-vertices, we find 2- and 8-vertices in 
K, with links containing spheres of larger and larger dimensions. This allows us to conclude 
that all 8-vertices in K have antipodes in K (Corollary I5.17p . At this point the hard work is 
already done. Finally we show that all other vertices in K must also have antipodes in K. This 
contradicts Lemma 14.21 and the assumption that K is not a subbuilding. 

We describe first some configurations of points of K, which will be used several times during 
the argument. 

Let P be a property of 8-vertices implying A (the property of not having antipodes in K) 
and suppose there are 8P-vertices in K. 



18 



Xi 



2/3 

8 



X 2 



V2 



*- 1 


2/ 


' • • 

J 7 


\/_ 7 




8 




/ 

0/ / 




7 \ 


7 




^ — 


3 ^3 

i 





Since K is a counterexample, there are 8P-vertices 
X\,X2 G X at distance > |. Since they do not have 
antipodes, it follows that d(xi,x 2 ) = ^f- Let y 3 '■— 
m(xi, X2), it is an 8v4-vertex by Lemma H~T1 Again there 
is an 8P-vertex x 3 G K, such that d(y 3 ,x 3 ) = ^ be- 
cause y 3 lies in the convex hull of the 8P-vertices in K. 
Notice that, since Xi are 8A- vertices, < Z y3 (x 3 ,Xi) < 
7r for i = 1, 2. We may assume w.l.o.g. that Z ya (x 3 , X\) > 
|. The link S y3 P is a building of type E 7 and with 



Dynkin diagram 



It follows that Z 



V3 [x 3 , X\ / 



arccos(— \) and this angle is of type 727, i.e. the seg- 



J ?/3 J 



CH(x 3 , xi, m(xi, 2/3)) are spherical triangles, because 2/3 and m(xx,y 3 ) {x\ and m(xi,y 3 ), re- 
spectively) are contained in a common Weyl chamber and therefore x 3 , y 3 and m(xi,y 3 ) (x 3 , 
Xi and m(xi,y 3 ), respectively) lie in a common apartment. The segment m(xi,y 3 )x 3 is of type 



72768. Since E 



m(xi,yi) 



B is of type E e o Ax with Dynkin diagram 



it follows that 



Z 



z 



Hence, the convex hull CH(xi, y 3 , x 3 ) is the union of 



CH(x 3 ,y 3 ,m(xi 1 y 3 )) and CH(x 3 , xi, m{x\, y 3 )), and it is an isosceles spherical triangle with 
sides of type 878, 87878 and 87878. Let 2/2 := m(xi,x 3 ) and z\ := (2/2, 2/3)- 



We refer to this configuration of 8P- vertices as configuration *. 




Let now £j 



for % = 2, 3 and ( := x%Zi. Suppose there is 



an 8- vertex x at distance | to Xi, let £ := x\x. Assume furthermore 
that g?(C £) = arccos(— -^=), then the segment £C is °f tyP e 7672. 
Recall that ^ is ^-extendable to 8v4-vertices and £ is ^-extendable. 
Thus, d(£,£j) < it for i = 2,3. It follows that 
and <i(£,£j) = arccos(— |) for 2 
CP(£,£ 2 ,£3) is the union of the spherical triangles CP(£,£,£j) for 
z = 2, 3. It is an equilateral spherical triangle with sides of type 



c&6) = I 

2, 3. Hence, the convex hull 



727. Let 7 be the 7-vertex at the center of this triangle. 

From d(£, £*) = arccos(— ~), it follows for i — 2, 3 
that d(x, Xi) = ^ an d the convex hulls CH(x\,x,Xi) 
are isoceles spherical triangles (compare with the spher- 
ical triangle CH(xi,y 3 ,x 3 ) above). Let w := m(x, x 2 ) 
be the 8 ^4- vertex between x and x 2 . Then by consider- 
ing the triangle CH(x\, x, X2), we see that oj := X\w = 
^(£,£2)- Let z := m{x\,w) be the 2-vertex between 
x\ and w, then x~[z = m(£,£ 2 ). The angle Z xi (z,x 3 ) = 
arccos(— is of type 2767 (compare with the triangle 
CP(£, £ 2 , £3))- Notice that CH(z, Xi, x 3 ) is a spherical 
triangle, this implies that d(z,x 3 ) = ^f. 
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8 x The segment zx% is of type 2828. Let v be the 8/1-vertex on the 
segment zx% adjacent to z. Recall that 23 is an 8^4-vertex. Then 
X3 cannot be antipodal to w, thus d(xs,w) = ^ and Z z (xs,xi) = 
1 z </ z (x3, w) = §. Recall also that d(x 3 , y 3 ) = d(x 3 , x) = therefore 
Z z (x3,y3) = Z z (x3,x) = |. The convex hulls CH(x 3 ,Xi,w) and 
w CH(x 3 , 2/3, x) are isosceles spherical triangles with sides of type 
87878, 87878 and 828. 

The convex hull in Y* Z K of the 8-vertices zx, zx\ zy^ zw and zv is a 2-dimensional singular 
hemisphere h centered at zv. Let s C Tj z B be a singular 2-sphere containing h and let £3 be an 
8-vertex in B, such that it is adjacent to z and zx^ is the antipode of zv in s. It follows that 
is antipodal to X3 in B. The convex hull in B of X3, £3, x, Xi, y%, w is a 3-dimensional spherical 
bigon connecting x 3 and x 3 , with edges a^ax^ for a G {x, Xx, y 3 , «;} of type 8787878. It follows 
that the convex hull CH(xi,x,w,y3,x^) is a (3-dimensional) spherical convex polyhedron in 
K obtained by truncating this spherical bigon. Notice that the 7-vertex 7 at the center of the 
triangle CH(£, £ 2 , £3) C Tl Xl K is ^-extendable in K to the 8-vertex m{x^w). 



We refer to this configuration in K as configuration **. 



Lemma 5.1. K contains no 8I-vertices. 




Proof. Suppose the contrary. There are 8/- vertices xi,X2 G K with distance > f. Clearly 
I =>- A, therefore, d(xi,x 2 ) = ^ and the segment X1X2 is of type 87878. Since Xi are interior 
vertices, we can find 7-vertices yi G K adjacent to Xi and such that y\X X x 2 y 2 is a geodesic of 
length 71 and type 7878787. The direction y, t Xi is an interior 8-vertex in H yi K. Note that T, Vi B is 

2 3 4 5 6 8 

a building of type _E 6 o A x and with Dynkin diagram ' "yj ' * ' . It follows that E^if contains 

a top-dimensional hemisphere centered at yix\. This implies that K contains a hemisphere of 
dimension dim(K). A contradiction to the properties of a counterexample. □ 

Lemma 5.2. K contains no 8-vertices x, such that T, X K contains a singular 5- sphere, i.e. a 
wall. 

Proof. Let X\ be an 8-vertex, such that Ti xl K contains a singular 5-sphere Si. Clearly, by 
Lemma 14.41 x\ is an 8A- vertex. Let x 2 G G ■ X\ be at distance ^ to X\. T> X2 K contains 
a singular 5-sphere S 2 . If XiX^Ji has an antipode in S% for i = 1,2, then there are 7-vertices 
yi G K adjacent to X{, such that y\X\x 2 y 2 is a geodesic of length ir. The midpoint z := m(xi, x 2 ) 
is again an 8A-vertex and it is the center of a 6-dimensional hemisphere h C K (cf. proof of 
Lemma 15.11) . In particular, Y, Z K contains the 5-sphere S^A and the 7-vertices in this sphere 
are all ^-extendable. Let z' G G ■ z be at distance 4r to z. Since 2/ is an 8^4-vertex and the 
7-vertices in E^/i are —extendable, we deduce that zz' has no antipodes in H z h. It follows from 
Lemma 14.121 that S^S^K contains an apartment and that E^E^-K" contains an apartment 
for the 8-vertex w := m(z,z'). It follows that Y> W K contains also an apartment, contradicting 
Lemma [5.11 We may therefore assume w.l.o.g. that x\x 2 has no antipodes in Si. Using again 
Lemma [4.121 we conclude that T, Z K contains an apartment. Again a contradiction. □ 
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Lemma 5.3. if contains no 2-vertices x, such that T, X K contains an apartment. 





Proof. Let x be such a 2-vertex in if. Then there is another 2-vertex x' G G ■ x at distance 
> | to x. Notice that x, x' are interior vertices in if. 

Case 1: d(x, x') = arccos(— |). The segment xx' is of type 21812. Since x is interior, the 
direction xx' is also interior in E^if . It follows that the 8-vertex m(x, x') must be interior in 
if, contradicting Lemma [5.11 

Case 2: d(x,x') = The segment xx' is of type 26262. Re- 
call that Tj x B is of type Dj with Dynkin diagram ^"^—^ — " — v 
Since x is interior and if is top-dimensional, then E x if is a build- 
ing of type D-j and we can find an 8-vertex y G if adjacent to x 
and such that Z x (y,x') > |. Then Z x (y,x') = arccos(— and it must be of type 8676. Since 
the triangle CH(y, x, x') is spherical, it follows that d(y, x') = and the segment yx' is of type 
2828. The 8-vertex in the interior of this segment must be an interior vertex. A contradiction 
to Lemma [5.11 

Case 3: d(x,x') = arccos(— |). The simplicial convex hull of 
the segment xx' is 2-dimensional and contains 8-vertices y,y' G if 
adjacent to x, x' . Let z G if be an 8-vertex adjacent to x, such 
that zxy is a segment of type 828. Then d(z,x') = Again a 
contradiction as in Case 2 above. 

Lemma 5.4. if contains no 7-vertices x, such that £ x if contains an apartment. 

Proof. Suppose there is such a 7- vertex x G if and let y G if be an 8-vertex. If d(x, y) = 
then the segment xy is of type 787878 and we would find interior 8-vertices in if. If 
d(x,y) = arccos(— ^=), then the segment is of type 72768 and we would find interior 2- 
vertices contradicting Lemma [5731 So, d(x,y) < arccos(— ^^). 

Let yi,y2 G if be 8-vertices adjacent to x, such that yixy% is a segment of type 878. Let 
x' G G ■ x with d(x,x') > ~. Then d(x',yi) < arccos(— ^7^) and triangle comparison with the 
triangle (V, yx, 2/2) implies that d(x,x') < arccos(— |). 

Case 1: x') = arccos(— |). If the segment xx' is singular of type 76867, then the 8-vertex 
m(x,x') is interior, contradiction. If the segment xx' has 2-dimensional simplicial convex hull 
C, then there is an 8-vertex y G C adjacent to x or x'. Since x, x' are in the same G-orbit, we 
may suppose w.l.o.g. that y is adjacent to x. Let y' G if be another 8-vertex adjacent to x and 
such that yxy' is a segment of type 878. Then d(x',y') = arccos(— and this case cannot 
occur by the above. 

Case 2: d(x,x') = arccos(— |). Let C be the simplicial convex hull of the segment xx' . If 
C is 2-dimensional, there are 8-vertices y,y' G C C if adjacent to x and x' respectively. Let 
z G if be an 8-vertex adjacent to x and such that zxy is a segment of type 878. Define z' 
analogously. Then d(x',z) or d(x, z') = arccos(— ^=), which is not possible. 

If C is 3-dimensional, there is an 8-vertex m G C, such that the segments mx and mx' 
are of type 867 and Z m (x, x') = arccos(— |). Since x, x' are interior vertices, there exist 2- 
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vertices u, vl G K, such that mxu and mx'u' are segments of length | and of type 8672. 
Z m (x, x') = arccos(— |) implies that n > d(u,u') > arccos(— |). Hence d(u,u') = arccos(— |). 




The segment uu' is of type 21812 and CH(m, u, u') is a (non-simplicial) 
spherical triangle with a 2-vertex u" := m(m,m(u,u')) in its interior. 
This implies that the segment xu" can be extended in K beyond u" . In 
particular u" is an interior 2-vertex contradicting Lemma 15.31 □ 



Lemma 5.5. K contains no 2-vertices x, such that Yj x K contains a singular 5-sphere S, i.e. 
a wall. 

Proof. Suppose there is such an x G K. Let y G K be an 8- vertex. If d(x,y) = then the 
segment xy is of type 2828. Let y' be the 8-vertex between x and y. The link T, X K is of type D-j 
and contains a wall, then Lemma [4.71 implies that H y >K contains at least a singular 5-sphere, 
contradicting Lemma [5721 So d(x,y) < arccos(— for all 8-vertices y G K. 

Let x' e G ■ x with d(x,x') > |. It also holds d(x',y) < arccos(— for all 8-vertices 

y e^- 
Case 1: d(x,x') = arccos(— |). The segment xx' is of type 8 

21812. Let yi, y% G K be 8-vertices adjacent to x, such that yixy 2 

is a segment of type 828. These vertices can be found, because 

Yi x K contains a wall. We may assume that Z x (yi,x') > |. This 

implies that the angle Z x (yi,x') = arccos(— 4=) and it is of type 

831, because X^I? is a building of type D 7 . CH(y,x,x') is a spherical triangle, therefore we 

can compute that d(yi,x') — A contradiction to the observation above. 

Case 2: d(x, x') = As in Lemma [5731 (Case 2) we see that d(xx', S 1 ) = |, where S' C S is 
the 4-sphere spanned by the 8-vertices in S. Otherwise, there would be an 8-vertex y adjacent 
to x, such that xy G S and d(xx',xy) > |. This would imply that d(x',y) = ^f. 
The segments in T, X K of length | connecting the 6-vertex xx' and an 8-vertex G 5" are of 
type 658. This implies that S — *Xi x K contains a 4-sphere spanned by five pairwise orthogonal 
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5-vertices, but this is impossible in a building of type -D4 o A 2 with Dynkin diagram 




Case 3: d(x, x') = arccos(— |). Let y be the 8-vertex adjacent to x contained in the simplicial 
convex hull of xx'. xy cannot have antipodes in T, X K. Otherwise there is an 8-vertex z G K, 
such that zxy is a segment of type 828 and as in Lemma 13731 (Case 3), we see that d(x', z) = . 
It follows from Lemma 14.71 that xy is interior in T, X K (i.e. its link contains an apartment). 
Then the 7-vertex m(x,x') must be interior (its link Hm^^^K contains an apartment). A 
contradiction to Lemma [5.41 □ 

Lemma 5.6. K contains no 7-vertices x, such that T> X K contains a wall S of type 1, that is, 
a wall containing a pair of antipodal 8-vertices. 

Proof. We proceed exactly as in the proof of Lemma [5.41 Recall that Yi x B is of type E§ o A±. 
Suppose there is such an x G K and let y G K be an 8-vertex. If d(x,y) = then the 
segment xy is of type 787878. The direction xy has an antipode in S, therefore the link Y, y /K 
of the 8-vertex y' on the segment xy adjacent to x contains a wall, contradicting Lemma [5.21 
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If d(x,y) = arccos(— ^=), then the segment xy is of type 72768. Lemma [4.111 implies that xy 
has an antipode in S or Y>^*Tj x K contains an apartment. In both cases the link T, Z K of the 
2-vertex z on the segment xy adjacent to x contains a wall. A contradiction to Lemma [531 So, 
d(x,y) < arccos(-^). 

Let yi, y 2 G K be 8-vertices adjacent to x, such that 2/i£?/2 is a segment of type 878. Let 
x 1 G G • x with <i(x, x') > ~. Then d(x',yi) < arccos(— and triangle comparison with the 
triangle (x',yi,y 2 ) implies that d(x, x') < arccos(— |). 

Case 1: d(x, x') = arccos(— |). If the segment xx' is singular of type 76867, then Lemma l4.11l 
implies that the 6-vertex xx' has an antipode in 5* or S^S z i^ contains an apartment. Either 
way, the link in K of the 8- vertex m(x, x') contains a wall, which is not possible by Lemma [5T2l 
The case, where the segment xx 1 has 2-dimensional simplicial convex hull C, follows as in the 
proof of Lemma 15.41 

Case 2: d(x,x') = arccos(— |). Let C be the simplicial convex hull of the segment xx' . If C 
is 2-dimensional, we argue as in the proof of Lemma EH 

If C is 3-dimensional (see Section 13.41 for a description of C) , there is an 8- vertex m G C, 
such that the segments mx and mx' are of type 867 and Z m (x,x') = arccos(— |). C contains 
also 8-vertices y%, y[ adjacent to x, x' respectively. Let y 2 G K be an 8- vertex adjacent to x and 
such that y 2 xy\ is a segment of type 878. Define y' 2 analogously. Then the angle Z m (x,y' 2 ) is 
of type 6727 (compare with E m C" in Section [3741 . This implies that d(x,y' 2 ) = arccos( 



'2V3) 



If the 6-vertex xm has no antipodes in S, then it follows from Lemma 14.111 
that Ti^Ti x K contains an apartment, i.e. xm is interior in Y* X K. In par- 
ticular the link T, W K of the 7-vertex w in the interior of the simplicial 

convex hull of xy' 2 contains an apartment. A contradiction to Lemma [5741 
> 

It follows that xm, x'm have antipodes in the walls S C T, X K, respec- 
tively 5" C Yj x iK. Therefore, there exist 2-vertices u, v! G K, such that 
mxu and mx'u' are segments of length | and of type 8672. Z m (x,x') = arccos(— |) implies 
that Ti > d(u,u') > arccos(— |). Hence d(u,u f ) = arccos(— |). 




It follows that the segment uu' is of type 21812 and CH(m,u,u') is a 
(non-simplicial) spherical triangle. The segment mm(u,u') has length | 
and therefore it has type 828. The 2-vertex u" := m(m, m(u, u')) lies in the 
interior of the spherical triangle CH(m,u,u'). 
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Consider the link of m. Since xm has an antipode in the 

wall S C T, X K, it follows that S^.S m i^ contains a wall. The 

link Yj^£L m B is of type D§oA\. The wall in Y,^£L m K contains 

a wall in the D 5 -factor. The direction £ := mxmy[ is a 1-vertex 

in S^jS m i^. By Lemma [4.71 we conclude that the ^-factor of 

E^E^Em-fT contains at least a wall. Taking spherical join with 

the directions to the 7-vertices my 2 and my\ we find a wall in E^E^E m ii'. This implies that 

> 

E — contains at least a wall. Since mu" is extendable, it follows that E,,//i^ contains a 
wall. But this contradicts Lemma [5.51 □ 
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In a special case we can also exclude 8-vertices, whose links contain a 3-sphere: 
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Lemma 5.7. K contains no 8A-vertices x, such that T, X K contains a singular 3-sphere S with 
the following properties: S contains a pair of antipodal 2-vertices ^1,^2, such that Ti^S is a 
singular 2-sphere spanned by three pairwise orthogonal 7-vertices. Furthermore, all 7-vertices 



in S are ^-extendable to 8A-vertices. 



Notice that all 7-vertices in S are adjacent to £j for some i = 1,2. Indeed, a segment in 
T, X K (of type E 7 ) connecting a 2- and a 7-vertex at distance < | is of type 27 or 217. This 
last segment cannot occur between £3 and a 7-vertex in S because S^.S 1 does not contain 1- 
vertices. Observe also, that the link H\S of a 7-vertex A G S contains a singular circle of type 
2626262: suppose w.l.o.g. that A is adjacent to £1, then £iA is contained in a circle in T^^S of 
type 767676767. In particular H^H\S contains a pair of antipodal 6-vertices. It follows that 

the antipodal directions A£i and A^2 are contained in a singular circle in Y,\S of type 2626262. 



Proof of Lemma \5. 7\ Suppose there are such 8A- vertices. Let X\,X2, x% G A be such 8 A- vertices 
as in configuration *, and let S Xi C £ Xi A denote the corresponding 3-spheres in their links. 
Let 1/3, Z\ G A be as in the notation of the configuration *. Suppose that there is a 7-vertex 
£ G S Xl C T, Xl K, such that d(£,£) = arccos(— for ( := X\z\. The segment £C is of type 
7672. By assumption, there exists an 8A-vertex x G A, such that d(xi,x) = | and x\X = £. 
Under these circumstances we obtain the configuration **. We use the same notation as in the 
configuration **. Let on G T, X3 K for i = 1, ... ,4 be the directions £327, x$x, x^w and X3IJ3. 
Let (3 := X3L Then the 7-vertices aj are adjacent to the 2-vertex (3. And the directions /3aci lie 
on a circle k of type 767676767 contained in E^E^A. 

Suppose again that there is a 7-vertex A in the 3-sphere S Xa C 
E^A, such that d(j3,X) = arccos(— ^=). So the segment /3X is of 
type 2767. Recall that the 7-vertices aij are ^-extendable and A 
is ^-extendable to an 8A-vertex, so they cannot be antipodal. It 
follows that /-p(\,ai) = | and d(aa,X) = arccos(— ~). The segments 
aiX are of type 727. Let 7 G E-^A be the 7-vertex on the interior 
of the segment (3X. Then 7 is the center of an equilateral spherical 
triangle CH(X, a 1; 0.3) with sides of type 727. We are now in the situation of the configuration 
** (compare with the triangle CH(£, £2, £3) in the definition of the configuation **). It follows 
that 7 is ^-extendable. 
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The convex hull CH(k, [5 A) is a 2- dimensional hemisphere cen- 



a t+ 2 



tered at /3A. Hence, E^E^E^A (of type 



contains a cir- 



cle of type 656565656. This is equivalent to T,jtExE X3 K (of type 

* * 4 < Ci) corL taining a circle of type 232323232. Note that the 2- 
vertices on this circle correspond to the 2-vertices m(A, a{) G E^ A 
(consider the equilateral spherical triangles CH(X, a iy a i+2 ) with 
^ sides of type 727). Let cq := Aa^ G E^E^A. 

Recall that the link Tj\S X3 contains a circle c of type 2626262 and notice that X/3 cannot be 
antipodal to any of the 2-vertices on this circle: otherwise, we find a 7-vertex in the 3-sphere 
S X3 antipodal to 7. This cannot happen, because 7 is ^-extendable and the 7-vertices in S X3 
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are ^-extendable to 8^4-vertices. It is also clear that A/3 cannot have distance < | to the three 
6-vertices on the circle c, otherwise c would be contained in a ball centered at A/3 with radius 
< |, but this is not possible since diam(c) = ir. 




Therefore we can find a 6- vertex rj on the circle c C T,\S X3 , such 
that d(rj, A/3) > ~. Hence, ^(77, A/?) = ^ and the segment 7?A/3 is of 
type 626. Let \i := m(r], A/3). Let also <5i,<52 be the two 2-vertices 
in the circle c C T,\I] X3 K adjacent to 77. 

We have already seen, that A/3 cannot be antipodal to <5j. This 

implies that Z v (5i, /i) = | and these angles are of type 232. It 
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follows that E^E^E^S^-ft' (of type D 4 : ^y^) contains a pair of 



antipodal 3-vertices. On the other hand, if 77 is antipodal to some at, then on G T, X3 K has an 
antipode in S X3 , but this cannot happen either, because «j is ^-extendable in K. Therefore 
Z^(/i, ctj) = I and these angles are of type 232. It follows that E=^>E^E A E x . 3 i ; r contains a 



-A/3V 



singular circle of type 343434343. This in turn implies, that S^S^E^S^fT contains a singular 
circle of type 141414141, because the antipode of a 3- (4)-vertex in T* fl 'E\'E X3 K, of type 

adjacent to /xa/3 is a 1- (4)-vertex adjacent to Jlrj. We apply now Lemma [4.81 to conclude that 
Y,z n >Y ln Y l \'E r .iK contains a wall. Hence E,.E\E rQ i ; r contains a wall. 




Let A' G S X3 be the 7- vertex at distance arccos(|) to A, so that 
A A' = r\. By considering the spherical triangle CH(X, A' , /3) C 



3) -extendable in T, X3 K 



T, X3 K we deduce that n is arccos( 
i> be the 2- vertex in H X3 K adjacent to A with Xv 
that EjjE23.fr contains a wall. 



Let 
fi. It follows 



Recall that 7 is ^-extendable and let x" G K be an 8-vertex 
with d{x 3 ,x") = f 



Since A' G S^, it is |- 



| and 




and x 3 x" = 7 

extendable. Let x' G K be an 8-vertex, so that c?(x3, x' 
> 

x^x' = A'. Consider the spherical triangle CH(xs,x",x'). One 
sees that v is ^-extendable in K, thus we have found a 2-vertex 
in K , whose link contains a wall, contradicting Lemma 15.51 

So it follows that c?(/3, A) < f for all 7- vertices A G S^. Since is the convex hull of the 
7-vertices contained in it, this implies that d(fi, S X3 ) = ~ and s := E^Cif (/?, S X3 ) is a 3-sphere. 
Let 6 G 5* X3 C T, X3 K be a 2-vertex, so that EgS 1 ^ is a 2-sphere spanned by three pairwise 
orthogonal 7-vertices (compare with the description of the 3-sphere S X3 ). The segment 6(3 is of 
type 262. 

Notice that d(/3,S X:j ) = ~ implies that diOfi^oS^) = ~. It follows that E^EeCif(/3, S X3 ) 
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(subset of a building of type "^j^* •) is a 2-sphere. Notice that in the building E^E^I? of type 

^|7^-J — ^— ^; two 7-, 6-vertices at distance | are joined by a segment of type 756. This implies 
that T l ^T l gCH(/3, S X3 ) is spanned by three pairwise orthogonal 5-vertices. Such a 2-sphere in 
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the Coxeter complex of type >• is not a subcomplex, thus, its simplicial convex hull is a 

3-sphere. Therefore the 3-sphere s C E^E^-fT is not a subcomplex and its simplicial convex 
hull is a wall. Recall that (3 G T, X3 K is |-extendable in K, hence, there are 2- vertices in K, 
with links containing a wall. We have now a contradiction to Lemma [5.51 

It follows that our first assumption, that there is a 7- vertex £ G S X1 C E^if, such that 
d(£, C) = arccos(— ^) cannot occur. Thus, d((, S Xl ) = | and repeating the previous argument, 
we can see that E^E xl i^ contains a wall. Hence, T, Z1 K contains a wall, contradiciting again 
Lemma 15.51 □ 

Lemma 5.8. Let x G K be a 2-vertex, such that T> X K contains a singular 4-sphere S of type 
757 or ^. Then, the 8-vertices in S C T, X K are not ^-extendable and there are no 8-vertices in 
K at distance ^ to x. In particular, x is a 2A-vertex, and all 8-vertices in S are directions to 
8A-vertices in K adjacent to x. 

Proof. Suppose there is an 8-vertex in S that is ^-extendable. This means that there is a 
2-vertex y G K at distance | to x, such that the segment xy is of type 282 and xy G S. In 
particular E^E^S* is a singular 3-sphere. This implies for the 8-vertex z := m(x,y), that its 
link Yi z K contains a 4-sphere. By Lemma 15.11 dim(K) > 6. In particular, T, X K contains a 
5-dimensional hemisphere h bounded by S. 

The hemisphere h is the intersection of a wall and a root in a building of type D 7 with Dynkin 
diagram 3 ^ • • • •. Recall the description of hemispheres of codimension 1 in Section I3~T1 If 
S is of type 757, then h is centered at a 7-vertex a and T> Q h is a wall of type 5. In particular E a /j 
contains a pair of antipodal 8-vertices. If S is of type |, then ft, is centered at point contained in 
the interior of an edge of type 86. In particular, the 8-vertex of this edge is contained in h. In 
both cases h contains an 8-vertex t] in its interior (notice that this is not true for a hemisphere 
bounded by a singular 4-sphere of type 787). It is clear that d(rj,xy) = | and the segment is 
of type 878. The midpoint £ := m(r], xy) is also in the interior of h, and in particular, T,^T, X K 
contains a wall of type 5, that is, a wall containing a pair of antipodal 8-vertices. 

Let w G K be the 8-vertex in K adjacent to x with rj = xw. Then if 
we consider the spherical triangle CH(x, y, w), we see that ( is extendable 
to a segment of type 276 in K. Therefore we find 7-vertices in K, whose 
links in K contain a wall of type 1. A contradiction to Lemma [5.61 

2 

V So the 8-vertices in S C T, X K are not ^-extendable. In particular, x 

is a 2A-vertex. Otherwise we find an antipode x G K of x and a segment connecting x and x 
with initial direction an 8-vertex in S is of type 28282. It follows that the 8-vertices in S are 
^-extendable. A contradiction. 

Let u G K be an 8-vertex adjacent to x, such that xu G S and suppose that u has an 
antipode u G K. Let c be the segment connecting u and u through x. It is of type 82828. 
Since the direction xu has an antipode in S, namely xu, it follows that the 8-vertex xu lies in 
a sphere S' C Tj x K of the same type as S. Hence xu cannot be —extendable, but the segment 
xu is of type 2828. A contradiction. Thus, all 8-vertices in S are directions to 8A-vertices in 
K adjacent to x. 




26 



For the second assertion, suppose there is an 8- vertex z £ K 
with d(x, z) = Since all 8- vertices in S correspond to 8A- 
vertices in K, the 8-vertex xz must be orthogonal to the 8- 
2X vertices in S. In both cases (of type 757 or |), S contains 
a singular 2-sphere spanned by three pairwise orthogonal 8- 
vertices (cf. Section I37T1) . This implies that Yj^L x K contains a 
2-sphere spanned by three pairwise orthogonal 7- vertices. Let w 
be the 8-vertex in xz adjacent to x. Recall that x is a 2v4-vertex, 
therefore w is an 8A-vertex. Then H W K contains a 3-sphere as described in the statement of 
Lemma 15.71 It also follows that the 7- vertices in this sphere are —extendable to 8 A- vertices, 
contradicting Lemma [5.71 □ 

Lemma 5.9. K contains no 2-vertices x, such that Yi x K contains a singular A-sphere S of type 

7T 

3 ' 




Proof. Let x be such a 2-vertex. It follows from Lemma 15.81 that i is a 2A-vertex and 
rad(x, 8- vert, in K) < arccos(— ^-^)- As in the proof of Lemma [575] we deduce that diam(G ■ 

diam(G ■ x). 



x) < 



2n 



Let x' £ G ■ x with d(x, x') 

2tt 
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Case 1: diam(G ■ x) — The segment xx' is of type 26262. As in the proof of Lemma [5731 
we deduce that the 6- vertex xx' has distance | to the 8- vertices in S. If S' C S is the 3-sphere 

spanned by the 8- vertices in S, then d(xx', S') = |. It follows that S^S^i^ (of type 
contains a 3-sphere spanned by four pairwise orthogonal 5- vertices, this sphere is an apartment 
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in the ^-factor. Let y := m(x,x'). Then the link 'Ey$H y K (again of type *^J^ ") contains 

also an apartment in the LVfactor. This is a 3-sphere spanned by a simplex of type 1345. This 
implies that the link H y K contains a singular 4-sphere S y spanned by a simplex of type 13456. 
Hence S y is of type | and the 6-vertices yx, yx' are orthogonal to the 3-sphere S' C S y spanned 
by the 8-vertices in S y . To see this consider the vector space model of the Coxeter complex 
of type D 7 introduced in the Appendix [A] The sphere S y can be identified with the sphere 
{x 5 = Xq = x 7 } Pi S 6 C M. 7 and S' y , with the sphere {x 5 = x 6 = x 7 = 0} n S 6 . A 5-vertex in S' y 
is of the form (±1, . . . , ±1, 0, 0, 0) and a 6-vertex orthogonal to this sphere must be of the form 
(0, . . . , 0, ±1, ±1, ±1). Hence, a 5-vertex in S' and a 6-vertex orthogonal to S' y are connected 
by a segment of type 536 or 516. 

As in the beginning of the proof, we obtain that rad(y, 8- vert, in K) < arccos(— and 
diam(G • y) < We assume again that diam{G • y) — ^ and let y' £ G • y have distance ^ 
to y. It follows as above, that S^E^if contains an apartment in the Z^-factor. 
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Let £, £' £ S' y be antipodal 5- vertices. The vertices yx, yx' , £ and £' lie on a singular circle 
of type 635161536 contained in S y . The link E^E^f? is of type A 3 o A 3 and has Dynkin diagram 
— i. 6 . 7 . 8 .. Notice that SgS^ is an apartment in the second Aa-factor. Therefore the second 
factor in the spherical join splitting of E^E^i^ is a subbuilding. Since rad(y, 8-vert. in K) < 
arccos(— ^75), this implies as above that d(yy',S' y ) = |. In particular, d(yy',£) = | and the 

direction ^yy' must be orthogonal to the 2-sphere E^S^. Recall that this sphere is an apartment 
in the second ^3-factor. Thus ^yy' must lie on the l—i — I -factor of EgE y K. 
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It follows from this that the segments £yy' and £'yy' must be of 
type 536 or 516. Further, since d(£,yy') + d(£',yy') = d(£,£') = tt, 

> the segments are of the same type. Observe also, that yy' cannot be 

6 y x antipodal to yx or yx', otherwise the 2v4-vertex |/ would be a nti podal 
to x or x'. Suppose w.l.o.g. that the segments £yy'£' and ^yx'^' are 
of type 51615. This implies that the segment £,yx£,' is of type 53635. 

Since yy' is not antipodal to yx, then the directions £yx and £yy' 
of type 3 and 1, respectively, cannot be antipodal, thus, they are adjacent (recall that these 
directions lie in a building of type 3 . 4 . ' ■). This implies that the segment yxyy' has length 
arccos(i) and is of type 676. It also follows that yy' lies on a segment of length 7r and type 
67686 connecting yx and yx' . Therefore, the segment yx'yy' has length arccos(— |) and is of 
type 686. Hence, E^E^-fT contains antipodal 7- and 8- vertices, that is, it contains a wall in 
the A 2 -factor. Together with the apartment in the Z^-factor (compare with the beginning of 
Case 1), this implies that the link £— >E,..K" contains a wall. It follows that the link in K of the 
2-vertex m(y,y') contains a wall, contradicting Lemma [5.51 

Thus, diam(G ■ y) = arccos(— \) and by relabeling y by x we have reduced the possibilities 
to the following case. 

Case 2: diam(G ■ x) = arccos(— |). The simplicial convex hull C of xx' is 2-dimensional. 
Let y,y' G C be the 8-vertices adjacent to x and x', respectively. If xy has an antipode in T> X K, 
then there would be an 8-vertex in K at distance ^ to x', but this is not possible (cf. proof 
of Lemma l5~3|) . It follows that d{xy,S') = |, where 5" C S is the 3-sphere spanned by the 
8-vertices in S. H^CH(xy, S') is a 3-sphere spanned by four pairwise orthogonal 7-vertices. 

Let w G C be the 7-vertex m(x,x') and let x" G G ■ x with d{w,x") > |. The possi- 
ble distances between 2- and 7-vertices in the Coxeter complex of type Eg are of the form 
arccos(— for k an integer (this can be deduced from the table of 2- and 7-vertices in Ap- 
pendix lA~4l) . Notice that d(x, w) = d{w, x') = arccos(^g). Triangle comparison for the triangle 
(x,x',x") and diam(G ■ x) < arccos(— |) imply that d(x",w) = d(x" , m(x, x')) < arccos(— ^=). 

1 \ then by rigidity, CH(x,x',x") is an equilateral spherical triangle 



\) and Z x (x',x") > f. 



If d(w,x") = arccos 

with side lengths arccos(— |). In particular d(x, x" ) = arccos^ 

If d{w,x") = arccos(— j^g), we may assume w.l.o.g. that Z w (x,x") > |. This implies 
that d(x,x") > arccos(— |), i.e. d(x,x") = arccos(— |). Again by triangle comparison and 
Z w (x,x") > ~ we want to see that CH(x,w,x") must be a spherical triangle: let x,x" be 2- 
vertices and let w be a 7-vertex in the Coxeter complex of type E 8 , such that d(x, w) = d(x, w) = 
arccos(^g), d{w,x") = d{w,x") = arccos(— and Z w (x,x") = Z^(x,x"). By triangle 
comparison, d(x,x") < d(x,x") = arccos(— |), but since the angle Z^(x,x") = Z w (x,x") > ~, 



then d(x, x") > |. It follows that d(x, x") = arccos(— |) = d(x, x") and by rigidity CH(x, w, x") 
is a spherical triangle. We can now compute that Z x (x',x") = arccos( 



15- 



> 
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Let C be the 2-dimensional simplicial convex hull of xx" and 
let z, z' G C be the 8-vertices adjacent to x and x". By consider- 
ing the spherical triangle CH(x,x',y), we can compute Z x (y,x') = 
arccos(^=) < |. Then we can see that, if xy = xz, it follows 
Z x (x',x") < |, thus xy 7^ xz. They cannot be antipodal either, be- 
cause xy has no antipodes in T, X K (compare with the beginning of 
Case 2). Hence, the segment xyxz has length | and is of type 878. 

Let £ G Tj x K be the 7-vertex m(xy,xz). Notice that as for xy, it 
also holds d{xz, S') = f . This implies that the convex hull of S' and 
the segment xyxz is isometric to the spherical join S'oxyxz. In particular, d(£, S') = Notice 
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a 7- and an 8- vertex at distance 



that in a building of type D-? with Dynkin diagram 

| are joined by a segment of type 768. It follows that E^E^iT (of type [~^ * • • •) contains 
a 3-sphere spanned by four pairwise orthogonal 6-vertices. This 3-sphere is not simplicial, 
and its simplicial convex hull is an apartment in the Z) 5 -factor of T,^T, X K. Since {xy, xz} is 
an apartment in the Ai-factor of H^H X K, it follows that E^E^-fT contains an apartment. In 
particular £ is an interior 7-vertex in T* X K. 

We can also see, that if both 1-vertices xy' and xz' are adjacent to £, then Z x (x',x") < 



2 ■ 



because in this case d(£,xw) = d{^,xx") 



arccos 

3 



2s/2\ 
15 J 



< 



(just consider the spherical 



triangle CH(xy, xw,£) with sides d(xy, xw) = arccos(^=), d(xy,£) = | and angle Z^xw, £) = 
arccos(^g)). 

Therefore w.l.o.g. xy' is not adjacent to £, but since both are adja- 
cent to xy, the angle Z^(£, xy') must be of type 731, because E^E X .B 
is of type Dq with Dynkin diagram ^"^—^ — Now recall that £ is 
an interior vertex in H X K, this implies that we can find a 1-vertex 
( G T, X K, so that xy'xy( is a segment of type 181. Thus, the link 
E^Ej.fr (of type D 6 ) contains a pair of antipodal 1-vertices and a 3- 
sphere spanned by four pairwise orthogonal 7-vertices (compare with 
the beginning of Case 2). We can apply Lemma [4.81 to see that E^E^i^ contains a wall. By 
Lemma [4.71 E^^E^.E^i^ contains at least a wall. This implies that E^E^iT contains a wall 



-'xy 

and T> W K contains a wall of type 1, contradicting Lemma ESI □ 




Let x G K be an SA-vertex. We say that x has the 
property T, if there is no spherical triangle in K with 8A- 
vertices x,x% and 8-vertex x 2 , with side lengths d(x,Xi) = 

d(xi, x 2 ) = f, and such that the direction xx 2 is ~ 
extendable to an 8A-vertex in K. This last assumption is 
fulfilled if e.g. x 2 is also an 8A-vertex. 




Let Xi,x 2 ,x 3 G K be 8T-vertices as in configuration *. If Z y3 (x 3 ,x 2 ) = arccos(|), then 
the simplicial convex hull of y 3 ,x 3 ,m(y 3 ,x 2 ) is a spherical triangle with vertices x 3 ,y 3 ,x' 2 and 
sides 1/3X3, x 3 x' 2 and x' 2 y 3 of type 87878, 828 and 878, respectively, and m{y 3 ,x 2 ) = m(y 3 ,x' 2 ). 
It follows that the simplicial convex hull of x%, m(y 3 , x 2 ), x 3 is a spherical triangle in K as 
ruled out by the property T, hence the property T implies that Z ya (x 3 ,Xi) 



arccos (— I ) and 



29 



d(x 3 ,Xi) = ^ for i = 1,2. Thus, Z x .(xi-i, x i+ i) = arccos(— |)) for i — 1,2 (the indices to be 
understood modulo 3) and these angles are of type 727. Let 2/1 := m(x 2 , £3) and 2/2 :— m(xi, X3). 
Then it also follows that d(xi,yi) = ^ for i — 1,2. Consider the vertices £1, £3, £2, 2/2, then 
we are again in the situation of the configuration * (just exchange the indices 2 3). It 
follows as above that Z y2 (x2, X3) = arccos(— ^) because X\ is an 8T-vertex. This implies that 
Z X3 (xi, x 2 ) = arccos(— |) as well, and this angle is of type 727. 

The convex hulls CH(xi, yj, Xj) for distinct i, j = 1, 2, 3 are isosceles spherical triangles with 
sides of type 87878, 87878 and 878. This implies d(yi,y i+ i) = | and the segments 2/i2/j+i are 
of type 828. The intersection CH(xi, yi+i, x i+1 ) n CiJ(:rj, 2/i-i, is the spherical triangle 
CH(xi,yi-i,y i+ i) with sides of type 878, 878 and 828. In particular the 8- vertices m(xi,yi) are 
pairwise distinct. 

Observe that the 2-vertices 2/32/2, 2/3 2/i £ ^y A K are adjacent to the antipodal 7-vertices 
2/3^1,2/3^2, respectively. This implies that d(y^ 2 ,ym) > arccos(|) > §, thus d(y^ 2 ,ym) > f • 
On the other hand, triangle comparison for the triangle (2/1,2/2,2/3) implies d (2/32/2, 2/32/1 ) < f 
and it follows that this triangle is rigid, i.e. the convex hull CH (2/1, 2/2, 2/3) is an equilateral 
spherical triangle with sides of type 828. Let Zi := m{y i ^y i _i). Notice that Zi does not lie on 
the segment Xiyi of type 87878. Let w be the 7-vertex at the center of the triangle CH(y\, 2/2, 2/3) 
and consider the spherical triangles CH(xi, z^ y\) for i — 1,2,3 with sides of type 82, 2768 and 
87878. Notice that w is the 7-vertex on the segments Z;2/i- It follows that w is adjacent to the 
8A-vertices m(xi,yi) for i = 1,2,3 and in particular, T, W K contains three pairwise antipodal 
8- vert ices. 
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We say that an 8T-vertex x G K has the property T", if rad(zi, {8- vert, in K}) < arccos(— 
for i — 1,2,3 and for any such configuration of vertices xi, x 2 , X3 G G ■ x. 



Lemma 5.10. K contains no 8T 1 -vertices. 



Proof. Suppose there are 8T'-vertices. We use the notation as in the definition of the property 
T'. Let w be the center of the triangle Cif (2/1, 2/2, 2/3)- 

Let u G K be an 8-vertex. Then for some % = 1,2,3, Z w (zi,u) > f. Suppose w.l.o.g. that 
it holds for % — 1. If d(w,u) = ^f, then wu is an 8-vertex and Z w (zi,u) = f. It follows that 
d(u,zi) = ^f, but this contradicts the definition of the property T' . If d(w,u) = arccos(— -^=), 
then wu is a 2-vertex and Z w (z 1 ,u) = ^. It follows again that d(u, zi) = ^f. Hence, d(w, u) < 
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arccos(— for all 8-vertices u G K and as in the beginning of the proof of Lemma [5.41 we 
deduce by triangle comparison that if w' G G • w, then d(w,w') < arccos(— ~). We may also 
choose w', so that d(w,w') > |. 

Case 1: d(w,w') = arccos(— ~). If the segment ww' is singular of type 76867, then for some 
i — 1, 2, 3, Z w (yi, w') = y an d this angle is of type 626. It follows that d(w', yi) = arccos(— -?=), 
a contradiction. If the simplicial convex hull of ww' is 2-dimensional, we can argue as in the 
proof of Lemma [5.41 (Case 1) to see that this case is not possible either. 

Case 2: d(w, w') = arccos(— |). The argument in the proof of Lemma [53] (Case 2) rules out 
the case where ww' has a 2-dimensional simplicial convex hull. 

v 2 It remains to show that the case where the simplicial convex hull 

, C of ww' is 3-dimensional is not possible either. Let Vi,v[ G C be 
the 8-vertices adjacent to w and w', respectively. Notice that they 
v[ are 8/1-vertices, otherwise an antipode of e.g. v\ in K would have 
distance to w; but this cannot happen. Recall that there is an 
8-vertex m G C, such that mw and raw' are segments of type 867 
and Z m (w, w') = arccos(— |). Let v 2 G K be an 8A-vertex adjacent 
to w and so that V\wv 2 is a segment of type 878. We can choose v 2 
to be one of the 8v4-vertices m(xi,yi). Define v' 2 analogously. Then 
the convex hulls CH(m, V\, v 2 ) and CH(m, v[, v' 2 ) are equilateral spherical triangles with sides 
of type 878. 

We want now to consider the convex hull C := CH(C, v 2 , v' 2 ). p rm^ 



The link S m C is a 2-dimensional spherical quadrilateral with /^CT/T^T^x 6 W 

vertices mw, mv{, mw' and mv\. Notice that mv 2 mwmv\ / \/\/? \y \ 

and mv' 2 mw'mv' 1 are segments of type 767. It follows that Ww 2 \/\ / \ y 
CH(E m C, mv 2 , mv' 2 ) is a bigon connecting the antipodal 7- ^^A/^l^-^^ 



vertices mv 2 and mv 2 . Then d(v 2 ,v 2 ) = ^ and m = m(v 2 ,v' 2 ), 

> , > > 

in particular, m is an 8 A- vertex. Let £, £' G S m C" be the 2- vertices m(mv[,mv 2 ) and m(mvi, mv 2 ). 

Let r) be the 2-vertex m(mfi,mf^). The convex hulls CH(vi,v 2 ,v' 2 ) and CHiy^v^v-i) are 
spherical triangles with sides of type 878, 87878 and 828. 

Since m G K is contained in the convex hull of the 8T'- vertices, it is also contained in the con- 
vex hull of the 8T-vertices. We can find another 8T-vertex u\ G K, such that d(m, U\) = No- 
tice that the 8A-vertex u\ cannot be antipodal to v 2 or v' 2 , in particular, Z m (ux, v 2 ), Z m («i, v' 2 ) < 
Ti. Suppose w.l.o.g. that Z m (ui,v 2 ) > |. Then Z m (ux,v 2 ) = arccos(— |) and d(ui,v 2 ) = -j-. 
CH(v 2 ,m,Ui) is an isosceles spherical triangle (as in the configuration *) with a 2-vertex z in 
its interior. Recall that d(w,Ux) < arccos(— ^^). This implies that Z V2 (w,ui) < arccos(|). 
This angle cannot be 0, because Z V2 (m,w) = arccos(|) and Z V2 (m,Ui) = arccos(— |). Thus 
Z V2 (w,ui) = arccos(|) and it is of type 767. CH(v 2 w, v 2 m, v 2 u[) is then a spherical triangle 
with sides of type 767, 767 and 727. In particular w is adjacent to the 2-vertex z. 




31 



mw 



7 rrw[ This consideration implies in the link Ti m K that mz and mw are 

adjacent. Suppose that the segment mv\mu\ is of type 727. This implies 
that the angle Z^j*(mui, £') is of type 262. It follows that the segment 

2 - ~^ 7> mu{^' is of type 7672. Hence, d(ui, m(v' 2 , v i)) = ^ and CH(vi, v' 2 , u\) is 

mm a S ph e rical triangle with sides 87878, 87878 and 828. But this contradicts 
the definition of the property T for u\. Therefore the segment mv\mu\ is of type 767. 



If Z m (ui,v' 2 ) = arccos(— |) we argue analogously and conclude that the segment mv[mul is 
of type 767. If Z m (ui,v' 2 ) = arccos(|) we see as above that d{mu\,^) < |, otherwise we violate 

the property T for u\. Using triangle comparison with the triangle (^,mui,mv' 2 ) (or using the 
convexity of the ball centered at mu[ with radius |) we see that d(mv [, mu[) < arccos(|). 
Since mv\mu\ is of type 767, then mu\ ^ mv' 1 . Thus, d(mv[, mu\) = arccos(^) and the 
segment mv' x mu\ is of type 767 also in this case. It follows that CH(mv[,mvi,mui) is a 
spherical triangle with sides 767, 767 and 727. In particular mu[ is adjacent to 77. 

We have shown so far that any 7-vertex in Ti m K that is ^-extendable to an 8T-vertex in 
K must be adjacent to rj and the segments connecting it with mv\ and mv[ are of type 767. 



Let r\ := m(m, Ui) G K and let u 2 G K be an 8T-vertex with d(r±, u 2 



2tt 



Since U\ is an 



8T- vertex, the angle Z ri (m,u' 2 ) cannot be of type 767. Hence, it is of type 727. If the angle 
Z ri (ui,u 2 ) is also of type 727, then set u<i := u' 2 . 




8 U\ 



u 2 



Otherwise, let u 2 G K be another 8T-vertex, so that 
d(u2, m(ri, u'2)) = ^f- Again, because u' 2 is an 8T-vertex, the 
angle Z m ( ri) „/)(ri, U2) is of type 727. In particular rf(ri,-u 2 ) = 
^ and again Z ri (m, u 2 ) is of type 727. We want to see now, 
that Z ri (ui,u 2 ) is also of type 727. Suppose that Z n (1x1,1x2) 
is of type 767. Then CH(riU2, riu\, r\u' 2 ) is a spherical trian- 
gle with sides of type 767 , 76 7 and 727. In particular r\u\ is 
adjacent to 5 := m(riU2, riu' 2 ), this means that the segment 
8r^m is of type 2767. Notice that this is the configuration ** 
for the vertices ri, u' 2 , U2, m. This implies that CH(r\, U2, m(m, u' 2 )) is a spherical triangle with 
vertices of type 8A and sides of type 87878, 87878 and 828 and U2 could not be an 8T-vertex, 
a contradiction. 

Thus Z ri (ui,u 2 ) is of type 727. This implies that d(ui,U2) = ^ E 
and Z Ul (m, 112) is of type 727. Let M3 G K be the 8A-vertex m(ui, 112), 
then Z ui (m,u 3 ) is of type 727 and this implies that d(m,u 3 ) = 
Observe that w 3 is not necessarily an 8T-vertex. Notice that mulmu2 
is of type 727 and recall that mu\ is adjacent to rj for % — 1, 2. It 
follows that rj = m(mul, mul). In particular rj is ^-extendable in K. 
Consider the triangles (to, Ui,u 3 ) and (to, u 2 ,u 3 ), then by triangle 
comparison, it follows that Z m (ui, 113), Z m (ix 2 , 1x3) < arccos(|) and 
since Z m (ui,U2) = arccos(— |), this implies that, Z, m {ui,Ui) = arccos(|) and mul,mu\ is of type 
767 for i — 1,2. Hence, CH{mu\,mu 2l mu 3 ) is a spherical triangle with sides of type 767, 767 
and 727. In particular, mu 3 is adjacent to i] as well. 




Write rj-k := rjin-k G E^Emif, where * is any vertex in K adjacent to to, so that to* G Y, m K 
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rjvi 



is adjacent to rj. 

rjui The 7- vertices rjv~i, r]v[, fjui and rju2 are the 7- vertices of a 

circle c C Yj^L m K of type 767676767, because as seen above, 
rjui for i — 1, 2 is the midpoint of a geodesic of length 7r con- 
necting rjw! and 771^, and rjui are antipodal for i = 1,2. From 
the construction above we see that d(r/U3, rjuj) = | for i = 1, 2 
(the segments rju^rjUi are of type 767). Suppose r/w| is antipodal 
to r/t'i. This would imply that the segment rrm^mw C T, m K is 
of type 7316 and therefore <i(mw 3 , mw) > | (compare with the 
figure for S m C" above). Consider now the triangle (w,m, w 3 ), 

it has sides c?(m, w 

d(w,U3) > arccos(— ^7^), which is not possible. Hence, d^rjul, rjvi 




rju 2 



arccos(4=), d(m, w 3 ) = 2zl and angle Z m (u;,u 3 ) > It follows that 



There- 



d(rju^, rjv[ 

fore rjus is the center of a 2-dimensional hemisphere in H v Tj m K bounded by c. 

Let r 3 := (m, w 3 ) G -ft' and let u' 4 E K he another 8T-vertex, so that d(r 3 ,u' 4 ) = Recall 
that m 3 is not necessarily an 8T- vertex, therefore we cannot conclude directly that Z r3 (m, u' A ) 



is of type 727. If Z r3 (m, it 4 ) 



is actually of type 727, then set w 4 



u 




Otherwise (i.e. if Z r3 (m, u' 4 ) is of type 767), let u 4 G K he an 8T- 
vertex, so that <i(w 4 , m(r 3 , w'J) = y 1 . Then, since m' 4 is an 8T-vertex, 
the angle Z m(r3 ,«')(?"3, ^4) must be of type 727. This implies that 
^(^3,^4) = ^ and the angle Z^iu^u'^) is of type 727. It follows that 
Z r3 (m, w 4 ) is of type 727, otherwise (as in the argument above for w 2 ) 
we find the configuration ** and CH(u 3 , w 4 , m(r 3 , u'^)) is a spherical 
triangle with sides of type 87878, 87878 and 828, contradicting the 
property T for w 4 . From this we conclude that d(m, w 4 ) = ^ and 
Z m (-u 3 ,u 4 ) is of type 727. Recall that mu\ must be adjacent to r\. This implies that rjui is 
antipodal to rju^. 

Thus, T^^mK (of type D e ) contains a singular 2-sphere spanned by 3 pairwise orthogonal 
7- vertices. Recall that it also contains a pair of antipodal 3- vertices rj^ and 7?£'. Lemma 14.81 
implies that E^Emii" contains a 3-sphere spanned by a simplex of type 1567. Since 77 is |- 
extendable in iiT, we have found a 2-vertex in if, whose link contains a 4-sphere spanned by a 
simplex of type 15678. This 4-sphere is of type ~ (this can be easily seen in the vector space 
realization of the Coxeter complex of type D n presented in Appendix |A|). A contradiction to 
Lemma 15.91 □ 



Let B3 he the property of an 8/1-vertex x G K, such that T, X K contains a 
singular 2-sphere with £? 3 -geometry 2=^—2, and such that all the 7- vertices 
in this sphere are ^-extendable. 

Consider the configuration ** and notice that the 8- vertex v on the segment zx% (of type 
2828) adjacent to z is an 85 3 - vertex. 

Another similar way of finding 85 3 -vertices is the following. Let xi,X2,x 3 ,x 4 G K he 8A- 
vertices adjacent to a 2-vertex y, so that CH(xi) is a 2-dimensional spherical quadrilateral 
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with sides Xtx i+ i of type 878. Let x G K be an 8-vertex at distance to y. Since the Xi are 
8A-vertices, it follows that Z y (x,Xi) = |. This implies that Hy^L y K contains a singular circle 
of type 767676767. Let z be the 8-vertex in yx adjacent to y. Then Y* Z K contains a 2-sphere 
with 5 3 -geometry 2=2- — 1. Considering the spherical triangles CH(x,Xi,Xi + 2), we see that the 
7-vertices in this 2-sphere are |-extendable. Hence z is an 8_B 3 -vertex. 
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Consider now the definition of the property X". The 2- vertices Z{ are centers of 2-dimensional 
spherical quadrilaterals as described above. In particular, if there are no 8I?3-vertices in K, 
then it follows from the observation above, that rad(zi, {8-vert. in K}) < arccos(— -^^) for 
% = 1,2,3. Hence, if K contains no 8B 3 - vertices, it follows that the property T implies the 
property T'. 

Recall that our strategy is to find spheres of large dimension in the links of vertices of type 
2 or 8. Notice that we have made the first step in this direction: 

Corollary 5.11. If K contains 8A-vertices, then it contains 8-vertices, whose links in K con- 
tain a singular circle. 



Proof. If K contains 8I?3-vertices, we are done. Otherwise, 8T =>- 8T", and Lemma f5 . 1 1 implies 
that there are no 8T-vertices in K. In particular, we find a spherical triangle in K with sides 
of type 87878, 87878 and 828. The link in K of the 8-vertex in the interior of this triangle 
contains a singular circle. □ 

Now we find 8-vertices, such that their links contain singular 2-spheres. 



Lemma 5.12. If K contains 8A-vertices, then it also contains 8B 3 -vertices. 

Proof. Suppose that K contains 8A-vertices but no 8-B3-vertices. Then, 
Lemma [5.101 implies that there are no 8T- vertices in K. 



8T 



8T' and 



Hence, there are 8 A- vertices xo, yo G K and an 8-vertex zq e K, 
so that T := CH(x ,y , z ) is a spherical triangle with sides of 
type 87878, 87878 and 828; where y z is the side of type 828 (as 
in the definition of the property T). Let x% £ K be the 8 A- vertex 
on the segment xom(yo, z Q ) (of type 8282) adjacent to the 2-vertex 
m(yo,zo). Since x\ is not an 8T- vertex, we can find 8-vertices 
yi,zi G K as vertices of a spherical triangle T\ := CH(xx,yi,zi) 



If £ G is a |-extendable 7-vertex and XjXj+j) = arccos(— 4=), then we are in 

the setting of the configuration ** because Xiy\ and Xiz\ are both ^-extendable to 8 A- vertices 
(definition of the property T). This implies that there are 8-B3- vertices in K, contradicting our 
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assumption. Hence, 2^2^+1 has distance < | to all |-extendable 7- vertices in H Xi K. Notice also 
that d(xiXi-i, XiUi) and d(xiXi-i,Xiz\) are both < |, otherwise Wi-i would have distance to 
the 8- vertex y i or Z; L and we would find an 8B 3 - vertex on the segment u>j_iyj (lUj-iZj). 




From these observations it follows, that x\w\ has distance = | 
to the circle S xl To of type 727672767. This implies that T.^^T.^K 

7 x~Wo (of type 



rriuil ^Dr 

-) contains a singular circle of type 161416141. 



It also contains the pair of antipodal 7- vertices £ := x lW {x iy { and 



X\W\X\Z\. 



Since d(xiXo, d(xiXo, a^i^i) < f and d^i^cb Xiwj) = |, it follows from triangle com- 
parison that d(xiXo, Xiyl) = d(x±Xo, Xiz{) = |, because the triangle (xiXq, xiyl,xiz[) must be 
rigid. Let ( := xTwlxjxo- Then the segments C£ and have length | and are of type 657. 



7 ariyi 





XlWl 



Sublemma 5.13. S 

t/ie vertices £ 7 £' and £ 



H X1 K contains a singular circle of type 756575657. This circle contains 



Proof. Let (' G Sjj^+E^if be the 6-vertex in the circle of type 161416141 antipodal to (. 



If d(& CO 



r, then C£C' is a geodesic of type 65756. In particular, has an antipode in 



y y > 

7676. 



C 



T, X1 K and we find the desired circle. If d(£, (,') > |, then the segment is of type 



Let p be the 5-vertex on the segment and let ip be the 7- 
vertex on the segment adjacent to Consider the geodesies 
c p and c^/j of length 7r connecting ( and £' through p and ip. 
Let Ti be the 7-vertex at the center of c p and r 2 be the 7- 
vertex in c^, adjacent to £. Then p and r 2 are adjacent because 

. £ cannot be adjacent to the 6- 




c 



I^E^E^lf is of type 



vertex at the center of c^, otherwise it would have distance 
to (. Thus, the intersection of the segments and is the 
segment Considering the spherical triangle CH(p,£,tp) 

with sides of type 57, 767 and 7565, it follows that £ is adjacent 
to the 6-vertex m(ji, r 2 ) on the segment pip. In particular, £' must be antipodal to at least one 
of T\ or r 2 . Since r 2 is adjacent to £ and d(C>0 — f> t nen £' cannot be antipodal to r 2 . It 
follows that £' and ri are antipodal . Le t finally c be the geodesic connecting t\ and so t hat 
the initial direction coincides with 7i£'. Then the initial direction of c at £' is antipodal to 
and we can find the desired circle. □ 
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Continuation of proof of Lemma \5.1°A 




The link E^E^E^K (of type 



3 5 
4 



•) contains a pair of antipo- 



dal 5-vertices (i; and and a pair of antipodal 1-vertices. We apply 
Lemma [4.51 and Remark 14.61 to conclude that E^E x -^j*E Xl K contains a 
singular circle of type 5135135 with and on it. It follows now from 
Sublemma 15. 131 that E x -^E Xl K contains a singular 2-sphere s contain- 
ing the vertices (, £ and Therefore E X2 K contains a singular 3-sphere 
S containing the singular circle E X2 T\. 

We investigate below which 7-vertices in S are ^-extendable. Clearly the 7-vertices in 
E X2 T\ C S are ^-extendable. 

Let cki, a,2 E s be the 3- vertices adjacent to £ and recall that £ is ^-extendable (to x\Xq) in 
E^iT. This implies that cti is ^-extendable to a segment of type 232 in E Xx K. Therefore, we 
find 7-vertices /3i,/3 2 £ S 1 at distance | to x 2 wi which are |-extendable in K (compare with 
the figure below). 





The segment a±a 2 C E XlW1 E Xl K is of type 363 with midpoint the 6-vertex (, this implies 
that the angle Z^j(/3i, fa) is of type 161 and this implies in turn, that the segment fiifc C 
E X2 K is of type 727. Let 7 6 5 be the 2-vertex m(/3i,/?2)- 





Let C2 := Siuisaixi. We can use the same argument as above to see that E ( ^ 2 E x - 2 -^E X2 K 
contains a singular circle of type 5135135. We want to prove next that it also contains a pair 
of antipodal 7-vertices. 

Sublemma 5.14. The link E^ 2 E- x - 2 -^E X2 K contains a pair of antipodal 7-vertices. 
Proof. Notice again that d(x2~W2, E X2 Ti) = |, in particular, d(x^W2,x^wl) = |. 
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x 2 w 2 



X 2 W\ 




Recall also from the beginning of the proof Lemma 15.121 
that d(x 2 W2, Pi) < f, because $ is ^-extendable. This im- 
plies that d(x 2 W2, 7) < § and Z x - 2 ^(x 2 W2, 7) < f. Let ( 2 : = 

^ — y — — - — > > 

.i; 2 tr 1 x 2 u'2. A := X2w[Pi and 7 := ;r 2 w ! i7. Wc have already 
seen that d(( 2 , fy) < | and d^, 1 } 
follows from triangle comparison, that if g?(C2; 7 
d(C2,A) = |fori = l,2. 

Notice that the link E^E^^tE^fC contains a pair of an 



< |. Furthermore, it 
= |, then 



tipodal 7- vertices if and only if E^£j. 2tr , 
of antipodal 7-vertices. The latter is what we will show. 



T, X2 K contains a pair 



Si 




Let 61,62 G Y,^p^Yi X2 K be the two 7-vertices in E^^E^Ti and 
recall that the 2-sphere E^yjS' contains a singular circle of type 
756575657 containing the vertices Si, 6 2 and 7* (this is just the cir- 
cle in E^jj E^if corresponding to the circle in E^^E^i^ from the 
Sublemma 15.131 containing £, £' and (). Let a be the 6- vertex in 
this circle antipodal to 7. Further, we know that d((' 2 , Si) = |, 
because d(x 2 W2, T, X2 Ti) = |. If C2 has an antipode in the 2-sphere 
EjpjjS', then x 2 W2 has an antipode in S 1 . But this is impossible, 

Hence 



X2m(y 2 ,z 2 ) and m(y 2 ,z 2 ) 



3tt 
4 



since 

f > d(Ca, ?) > and d(£,cr) < vr. 

Notice that H^j*T, X2 B is a building of type and Dynkin diagram 

distances between 6-vertices are 0, |, |, and 7T. The link EfEj^E^iT is of type 
thus two distinct 7-vertices in this link must be antipodal. 

Case 1: d((' 2 , 7 ) = |. Since d(£ 2 , <r) < 7r, it follows that ^yC^cr is 
a geodesic of length 7r. Its simplicial convex hull is 2-dimensional and 
contains two 7-vertices adjacent to (' 2 . It follows that E^E^^E^jK 
contains a pair of antipodal 7-vertices. 

Case 2: d(( 2 , 7) = | and the segment C 2 7 is of type 646. In this 
case, we know that d(( 2l (3i) = | for i = 1,2. Thus, CH(f3i, f3 2 , ( 2 ) is an 



to 


x 2 . 


^4 5 


6 


of type 




7 






^> 





The 



The 




isosceles spherical triangle with side lengths |, ~ and arccos(— 
simplicial convex hull of the segment £ 2 A contains a 7- vertex ^ adjacent 
to C2 an d to /5j for i — 1,2. If £1 = £ 2 , then ti is adjacent to for i — 1,2. 
It follows that is also adjacent to 7* = m((3i, /3 2 ). This means that d( 7 , £1) = d(ti, C2) = f • 
Since cf(£ 2 , 7 ) = f , C^i 7 must be a geodesic. This contradicts the fact that the segment (' 2 
is of type 646. Hence, t\ 7^ t 2 and E^'E^jE^i^ contains a pair of antipodal 7-vertices. 

Case 3: d(Q 2 , 7 ) = | and the segment £ 2 7 is of type 676. If d(( 2 , a) — | then 7 £ 2 <t is 



a geodesic of length 7r and of type 67676. If d((' 2 , a) 



2tt 
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then the segment ( 2 7 contains a 



7- vertex adjacent to ( 2 at distance | to 7 and the simplicial convex hull of the segment ( 2 a 
contains a 7-vertex adjacent to ( 2 at distance | to a. It follows that ( 2 is adjacent to two 

□ 



different 7-vertices. Thus, E^/E^jj 



Tj X2 K contains a pair of antipodal 7-vertices. 
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End of proof of Lemma \5.1°A We know now that E^Egjg+E^A (of type "^Y* ') contains a 

singular circle of type 5135135 and a pair of antipodal 7-vertices. Hence, it contains a singular 
2-sphere (the spherical join of the singular circle and the pair of antipodal 7-vertices). Since 
(2 has an antipode in E^^E^A, this implies that Ej^E^A contains a 3-sphere spanned by 
a simplex of type 1567. This in turn implies that E to2 A contains a singular 4-sphere spanned 
by a simplex of type 15678. This sphere is of type | as can be verified by considering the 
vector space realization of the Coxeter complex of type D n presented in Appendix [A] We get 
a contradiction to Lemma 15.91 finishing the proof of the lemma. □ 

Lemma 5.15. A contains no 8B 3 -vertices. 

Proof. We want to show first that an 8i?3-vertex has the property T. Suppose x± G A is an 
8-B3- vertex and let X2,x% G A be 8- vertices as in the configuration *. Suppose further, that 
23 is an 8A-vertex and that X1X2 is ^-extendable to an 8v4-vertex. To prove that x\ has the 
property T, we have to show that CH(x\, X2, £3) is not a spherical triangle. Let S C S^A be 
the singular 2-sphere from the definition of the property B 3 . Let ( := X\z\ and & := X\x\ for 
% — 2, 3, as in the notation of the configuration *. 

Suppose there is a 7-vertex (6 5, such that d((,^) = arccos(— 4=). The segment (£, is 
of type 2767. Since £ is —extendable in A and £j is ^-extendable to an 8A-vertex, £ is not 
antipodal to £j for i = 1,2. It follows that CH(^, £ 2 , £3) is an equilateral spherical triangle sides 
of type 727. Let 7 be the 7-vertex in adjacent to (. 7 is the center of the spherical triangle 
Cif(£, £2, £3)- It follows from the configuration **, that 7 is ^-extendable to an 8A-vertex in 
A. 

Ti^S is a singular circle of type 2626262. Notice that £,( = (7 is not antipodal to any 2- vertex 
in this circle, otherwise we could find in S an antipodal 7-vertex to 7, but this is not possible, 
since 7 is ^-extendable to an 8 A- vertex in A. On the other hand, cannot have distance < ~ 
to all the 6- vertices in this circle, so let r\ be a 6- vertex in E^S", so that d(rj, ££) = ^ and let 
5i G EgS" be the 2-vertices adjacent to r\. Let ji := m(r},£Q. (Compare with the configuration 
in the proof of Lemma [5.71 ) 

^ Since is not antipodal to 5i, it follows that Z v (5i,C,Q = | and 

these angles are of type 232. Therefore, E^E^EgE^ A contains a pair 
of antipodal 3-vertices. Similarly, we see that r\ cannot be antipodal to 
it Hi because £j has no antipodes in 5*. Thus, E^E„EfE x A contains a 
pair of antipodal 3-vertices. This implies in turn, that E^E^EgE^A 

2 y contains a pair of antipodal 1- vertices. We apply now Lemma I4~51 to the 

^ 2 ^ 3 building E^E^E^E^I? of type D A and conclude that E-^E^E^E^ A 

contains a singular circle of type 1351351. Therefore E^EgE^A contains a singular 2-sphere 
spanned by a simplex of type 156. The same argument as in the proof of Lemma [5.71 (p. 125]) 
shows that fi is extendable in T, X1 K to a segment of type 727 and the 2- vertex on this segment 
is extendable in A to a segment of type 828 (this uses that 7 G S^A is ^-extendable and the 
7-vertices in S are ^-extendable). This produces a 2- vertex in A, whose link contains a 4-sphere 
spanned by a simplex of type 15678. This singular 4-sphere is of type |, a contradiction to 
Lemma 15.91 
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From this, it follows that ( has distance < | to all the 7-vertices in 5*. Since 5" is the 
convex hull of its 7-vertices, it follows that d((, S) = |. Hence Ti^Ti xl K contains the 2-sphere 
s := TjqCH((, S). The segments connecting ( with the 2-vertices of S are of type 262, the 
segments connecting ( with the 7-vertices of S are of type 217 and since the 6-vertices in S are 
midpoints of segments of type 767 in S, this implies that the segments connecting ( with the 
6-vertices of S are of type 2436. Since the sphere S has S 3 -geometry 2=JL_J, it follows that s 
has -E>3-geometry L=£-J. E^E^A" also contains the two antipodal 7-vertices C x i x \ f° r i = 2, 3. 

Sublemma 5.16. Let L C B be a convex subcomplex of a building of type D$ with Dynkin 

3 

diagram 5 - 6 - •. Suppose L contains a singular 2-sphere S with B^- geometry L=2—$ and also 
a pair of antipodal 7-vertices. Then L contains a 3-sphere spanned by a simplex of type 1467. 

Proof. Let a, a 1 G L be the antipodal 7-vertices and let b, b' be antipodal 1-vertices in S C L. 
By Lemma 14.81 and Remark 14.101 it follows that L contains a circle of type 7317317 through 
b and b'. In particular E&L contains a pair of antipodal 7- and 3- vertices. E^S* is a singular 
circle of type 6464646. So, it will suffice to show that under these circumstances S^L contains 
a 2-sphere spanned by a simplex of type 467 (notice that such a sphere is also spanned by a 
simplex of type 346): 

4^ 



4 "6 

Let d, d' G E&L be the antipodal 3- and 7-vertices, respectively. Let c G E^ be a 4-vertex 
and let c' the 6-vertex in Y> b S antipodal to c. If c is adjacent to <i, then dcd' is a geodesic of 
type 3437 and £ c £foL contains a pair of antipodal 3-vertices. If c is adjacent to d', then cfccf is 
a geodesic of type 3547 and S c £f,L contains a pair of antipodal 5- and 7-vertices. 

Otherwise the segments cd and cd' are of type 453 and 437 respec- 
tively. Let e be the 5-vertex in cd and let e' be the 3-vertex in cd' . Let 
also / be the 4-vertex on the segment e'd (of type 343) and let /' be 
the 4-vertex on the segment ed' (of type 547). Notice that since e, e' 
are adjacent to c, then e is adjacent to e'. It follows that e is adjacent 
to / and e' i s ad jacent to /'. Let a be the edge ee! '. The link £ CT E{,.B is of type 1 LJ; and 
the direction ad is of type 4. It follows that d is antipodal to / or /' and d is contained in a 
circle in Sf,L of type 7673437 or 3657453. This implies that S c 'S b L contains a pair of antipodal 
7-vertices or a pair of antipodal 3- and 5-vertices. This means for E c EbL, that it contains a 
pair of antipodal 3-vertices or a pair of antipodal 5- and 7-vertices. 

Recall that EcE^ consists of a pair of antipodal 6-vertices. E c Eb5 is of type A\ o A3 with 
Dynkin diagram I I 6 . I. If E C E;,L contains a pair of antipodal 3-vertices, then it contains a 
circle of type 63636. This implies that E&L contains a 2-sphere spanned by a simplex of type 364 
as desired. If E C E&L contains a pair of antipodal 5- and 7-vertices, then we apply Lemma 14.81 
(for n = k = 3) to the ^-factor of E c Eb5 and conclude that E c EfeL contains a circle of type 
7675657. We get again the 2-sphere in E b L as we wanted. □ 
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End of proof of Lemma \5.15[ Sublemma 15. 161 implies that T,^T, Xl K contains a 3-sphere spanned 
by a simplex of type 1467. Recall the notation of the configuration *. Let u be the 8- vertex 
m(x 3 ,y 3 ). X\Z\U is a segment of type 828. Then, it follows that T, Zl K contains a singular 
4-sphere spanned by a simplex of type 14678. This sphere is of type 757 (to verify this, one 
can consider the vector space realization of D n in Appendix [A]) . Lemma 15.81 implies that the 
segment X\U cannot be extended beyond u in K. This implies in turn, that CH(x\,X2,x%) 
cannot be a spherical triangle. In particular x\ must be an 8T-vertex. i.e. 8B 3 =>- 8T. 

Let now xi,X2,x 3 be 8I?3-vertices as in the definition of the property T' . Our argument 
above shows that 2~2 Z .K contains a 4-sphere of type 757 for i — 1, 2, 3. We apply again Lemma [5751 
and see that rad(zi, {8-vert. in K}) < arccos(— for i = 1,2,3. Hence, X\ is an 8T'-vertex. 
A contradiction to Lemma 15.101 □ 

If we combine the Lemmata 15. 121 and 15. 151 we obtain the following result, which is the main 
step towards the proof of Theorem 15.241 

Corollary 5.17. All 8-vertices in K have antipodes in K. 

Now we proceed to prove that the other vertices in K must also have antipodes in K. We 
use the information about types of segments between vertices in the Coxeter complex of type 
E 8 listed in Section [3741 



Lemma 5.18. All 2-vertices in K have antipodes in K . 



Proof. First note that a 2A-vertex x G K cannot be adjacent to an 8-vertex in K. Otherwise 
let y G K be an antipode of the 8-vertex adjacent to x. The segment xy is of type 2828. This 
in not possible due to Lemma 14.11 and 15.171 

Suppose there is a 2A-vertex x G K. There exists x' G G ■ x with d(x,x') > |. From the 
observation above it follows, that d(x, x') ^ arccos(— ~). d(x, x') cannot be arccos(— |) either, 
because in this case the midpoint of the segment xx' is an 8-vertex. It follows that d(x, x') = ^- 
and the segment xx' is of type 26262. Let y := m(x, x'), it is also a 2A-vertex. Therefore we 
can find y' G G ■ y with d(y,y') = Suppose w.l.o.g. that Z y (x,y') > |. Then d(x,y') > | 
thus d(x, y') 



2tt 
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This implies by triangle comparison, that Z y (x,y') < arccos(— ^ 



2 ' 




If Z y (x,y') 



arccos (— |), then either this angle is of type 686, which 
is not possible because K contains no 8-vertex adjacent to y; or the 
simplicial convex hull of the segment yxyy' contains a 7- vertex adjacent 
to yx. The segment connecting yx and yx' through this 7- vertex is of 
type 67686. This cannot happen either. Hence, Z y (x,y') 



f . It follows 



that Z y (x', y') 



> | and we conclude analogously that Z y (x',y') 
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Let 7 C ^ y K be the geodesic connecting yx and yx' through yy'. 
The simplicial convex hull of 7 is either 3-dimensional, in which case 

the direction yxyy' spans a simplex of type 578 and in particular, Tj y K 
contains 8-vertices, but this is not possible; or it is 2-dimensional and it 
contains a pair of 1-vertices adjacent to yy'. Let z := m(y,y') and let 
w be the 6- vertex m(y,z). The segment joining wy and wz through the 1- vertex adjacent to 
wy is of type 2152. It follows that zy is adjacent to a 5-vertex. The geodesic connecting zy 
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and zy' through this 5-vertex is of type 65856, but z is a 2^4-vertex and T> Z K cannot contain 
8-vertices. □ 

Lemma 5.19. All 7-vertices in K have antipodes in K . 

Proof. Considering the singular circles in E 8 , we observe again that a 7 A- vertex cannot be 
adjacent to 2- or 8-vertices in K. Suppose K contains 7 A- vertices, then there exist 7 A- vertices 
Xi,X2 E K at distance > |. There are two types of segments x±x 2 of length > | and so that 
the simplices containing XiX^Ji in their interiors have no 2- or 8-vertices. They are of type 
76867 and 7342437. These segments have a vertex of type 2 or 8 in their interiors, which yields 
a contradiction. □ 

Lemma 5.20. All 1-vertices in K have antipodes in K . 

Proof. Suppose x is an lA-vertex in K. Then x cannot be adjacent to 2-, 7- or 8-vertices in K. 
Let x' G G ■ x be another lA-vertex at distance > | to x. It follows that the simplex spanned 
by the direction xx' has no 2-, 7- or 8-vertices. There are four possible types of segments xx' . If 
d(x, x') = arccos(— |), then the simplicial convex hull of xx' contains an 8- vertex adjacent to x' . 
If d(x, x 1 ) = y or arccos(— |), then the midpoint of xx' is an 8-vertex. If d(x, x') = arccos(— |), 
then the midpoint of xx' is a 7- vertex. This is not possible by Lemma 14.11 Hence, there are no 
lv4-vertices in K. □ 

Lemma 5.21. All 6-vertices in K have antipodes in K . 

Proof. Let x be a 6v4-vertex. By the previous lemmata and according to the list of singular 
1-spheres in the Coxeter complex of type E 8 , x cannot be adjacent to vertices of type 1, 2, 7 
or 8. There exists another 6A-vertex x' G K at distance > ~ to x. It follows that the direction 
xx' span a simplex with no 1, 2, 7 or 8-vertices. Hence d(x,x') G {arccos(— |), arccos(— |)}. 
In the first case the midpoint of xx' is an 8-vertex and in the third case, it is a 7-vertex. 
In the second case the simplicial convex hull of xx' contains an 8-vertex adjacent to i'. A 
contradiction. □ 

Lemma 5.22. All ^-vertices in K have antipodes in K . 

Proof. Observe, that a 3^4-vertex is not adjacent to a vertex of type 1, 2, 6, 7 or 8. 

If K contains 3A-vertices, then it contains at least two dis- 
tinct 3A- vertices x, x'. Then xx' is contained in an edge of 
type 45. Consider the bigon in the Coxeter complex of type 
E§, which is the convex hull of a simplex of type 345 and the 
antipode of the 3- vertex of this simplex. We see that there are 
only three possibilities for the type of the segment xx'. In one of them, the midpoint of xx' 
is a 2-vertex; and in another possibility, it is an 8-vertex. The simplicial convex hull of xx' 
for the last possibility contains an 8-vertex adjacent to x'. We obtain again a contradiction to 
Lemma 14.11 □ 

Lemma 5.23. All 4- and 5-vertices in K have antipodes in K . 
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Proof. A vertex in K of type 4 or 5 without antipodes in K cannot have vertices of type 1, 2, 
3, 6, 7 or 8 in K adjacent to it. It follows that, if K contains 4A- or 5A-vertices, then it has 
dimension < 1. A contradiction. □ 

We have shown in the previous lemmata that all vertices of a counterexample K have 
antipodes in K, contradicting Lemma [4.21 This proves our main result: 

Theorem 5.24. The Center Conjecture \1.1\ holds for spherical buildings of type E s . 

Remark 5.25. Our proof actually shows that K is a subbuilding or the action of the group 
Auts(K) r\ K fixes a point, where Auts(K) D StabAut{B){K) denotes the possibly larger 
group of isometries of K preserving the polyhedral structure of K induced by the polyhedral 
structure of B and such that the permutation in the labelling of the vertices of K is induced 
by a symmetry of the Dynkin diagram of B. Notice that the automorphisms in Autg^K) 
are not necessarily extendable to automorphisms of B, as the following example shows. Let 
a C B be a panel and let K a be the union of the Weyl chambers in B containing a. It is 
a convex subcomplex of B and Aut B (K a ) is the group of permutations of the set of Weyl 
chambers containing a. This group is very large if e.g. the set of Weyl chambers containing a 
is uncountable. 



5.2 The E 7 -case 

Theorem 5.26. The Center Conjecture \l.l\ holds for spherical buildings of type E 7 . 

Proof. It can be deduced from the E^-case as follows: Let K C B be a convex subcomplex of a 
spherical building of type E 7 . Suppose that K is not a subbuilding. Let B be the suspension of 
B, i.e. the spherical join of B and a 0-sphere {pi,P2}- There is a natural embedding B B, 
so we can consider B as a subset of B. Notice that the map v i— > p~jV for v G B C B is an 
isometry B = B p . := Tl pi B. Let K C B be the suspension of K and let K Pi := ^ Pi K = K. 

Recall that the link of an 8-vertex in the Coxeter complex of type E% is a Coxeter complex 
of type E 7 . Hence a chart (S 6 , We 7 ) ^ B Pl of the building B Pl induces a chart (S 7 , We 8 ) B, 
giving B a structure of spherical building of type E 8 , where p\ and P2 are 8- vertices. 

Observe that there is a natural isomorphism Aut(B Pl ) = Stab Aut ^(pi) . The embedding 
Aut(B pi ) Aut(B) restricts to an embedding G := StabAut(B Pl )(K pi ) G := Stab Aut ^(K). 

There is an isometry <p of B that exchanges the points p\ «-> P2 and preserves the geodesies 
connecting p\ and p2- The restriction of 0o to an apartment of B is the reflection on the wall 
orthogonal to pi,pa- Hence O is an automorphism of B and 0o £ 

We apply now the Center Conjecture for buildings of type E$ (Theorem l5.24l) to the building 
B and the convex subcomplex K. Since K is not a subbuilding, then K is not a subbuilding 
either. It follows that G fixes a point x G if and since 0o G G, this fixed point cannot be p\ or 
P2- The image of G in G fixes x, p\ and P2, hence it fixes pointwise the geodesic 7 C K through 
x connecting p\ and p2- Therefore, the action G rx K Pl = K has a fixed point p\i G K pi . □ 

Remark 5.27. Notice that the embedding G "—>■ G in the proof of Theorem 15.261 extends to 
an embedding Aut Bp (K P1 ) Awig(if). Then by Remark [5.251 the proof actually shows that 
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K is a subbuilding or the action of the group AutsiK) nv K fixes a point. 

A Vector space realizations of Coxeter complexes 

In this appendix we present a vector space realization of the irreducible spherical Coxeter 
complexes. The information on the root systems can be found in |GB71l Ch. 5] . The orders of 
the irreducible Weyl groups can be found in [GB711 p. 80]. 

We consider the spherical Coxeter complex {S n ~ 1 1 W) embedded in W 1 as the unit sphere. 
Let {ej}™ =1 denote the canonical base of W 1 . 

The root system of a Coxeter complex (S, W) is the set of (unit) vectors orthogonal to the 
hyperplanes inducing the reflections in W . The elements of the root system are called root 
vectors. 

A subset F of the root system is called a base if there is a vector «6K" such that (r, v) ^ 
for all root vectors r, and F is minimal with respect to the property that any root vector r, 
such that (r,v) > 0, can be written as a linear combination of elements in F with nonnegative 
coefficients. The fundamental root vectors are the elements of a given base of the root system. 
The fundamental Weyl chamber of (S, W) is A := A D S, where A is the intersection of the 
half spaces (r*, •) > 0, where r\, . . . , r n are the fundamental root vectors. A is a fundamental 
domain for the action of W in M n . 

Let Vi be the vertex of A opposite to the face determined by (/•$,•) = 0. We say that a 
vertex of (S, W) is of type i, if it lies on the orbit W • fj. 

We use the following labelling of the Dynkin diagrams of the irreducible spherical Coxeter 
complexes: 

J 2 (m) Ui H 3 3 . 



2 3 4 5 6 




Recall, that the link T, V S of a vertex x G S is a spherical Coxeter complex with Weyl group 
Stab\y{v) and with Dynkin diagram obtained from the Dynkin diagram of (S, W) by deleting 
the vertex with label corresponding to the type of v. 

The antipodal involution v i— > —v is type preserving for the spherical Coxeter complexes of 
type hi^n) (m even), B n (n > 3), D 2n (n > 2), H 3 , if 4 , F 4 , E 7 and E 8 . It exchanges the types 
1 «-> 2 in him) for m odd; the types z <-> (n + 1 — i), for z = 1, . . . , [~] in A n ; the types 1 «-> 2, 
in Z)2n+ij n > 2 and the types 2 <-» 6 and 3 <-» 5 in £^6- 

Suppose xy is an edge of S of type zj. By deleting the vertex with label j from the Dynkin 
diagram of (S, W), we obtain the Dynkin diagram of (XyS*, Stabwiy))- We can easily read off 
this Dynkin diagram which type the antipode of yx in T.yS has. Say it has type k, then the 
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edge xy extends to a segment of type ijk. Repeating this procedure and taking into account 
the lengths of the different types of segments (which can be deduced from the description of the 
fundamental Weyl chamber), we can determine the different singular 1-spheres in S. A similar 
consideration can be used to determine the 2-dimensional singular bigons bounded by singular 
segments and with it the 2-dimensional singular spheres. 

To determine the different types of segments modulo the action of the Weyl group connecting 
a vertex of type i with a vertex of type j, it suffices to compute the vertices of type j in the 
spherical bigon $ := CH(A,vi) C S, where v~i is the vertex antipodal to t>j. 

The bigon /3 f can be described by the set of inequalities {(77, ■) > 0}/^j. 

More generally, suppose we want to determine the different types of segments connecting a 
vertex x of type i and a vertex y of type j, such that the vertices of the simplex in T> X S spanned 
by the direction xy are not of type ix, . . . , %k ^ %■ Then, it suffices to compute the vertices of 
type j in the spherical bigon @i(ix, . . . ,ik) '■= CH(A(ix, . . . , i^), vi). Here, A(zi, . . . , 4) denotes 
the face of the fundamental Weyl chamber A, which does not contain the vertices v^, . . . , t>j fc . 

The bigon . . . , ik) can be described by the set of (in) equalities 

{(n, ■) > 0} Wll ..., ffc , {(r h ■) = 0}^,...,;, . 

Given a table listing the j-vertices in the bigon this list can be verified as follows. First, 
we have to check that the vertices listed indeed are of type j and are contained in Next 
we notice that $ is a fundamental domain for the action Stabw{vi) rx S. For a j-vertex x 
in the list, let a x be the face of A spanned by the initial part of the segment ViX. Then the 
orbit Stab w {yi) -x has cardinality \Stab w (vi)\/\Stabw(a x )\. Since the stabilizers are again Weyl 
groups of spherical Coxeter complexes, their orders can be found in the table in |GB71t p. 80] . 
It remains to verify that the union of the orbits Stabw{vi) ■ x exhausts all the j-vertices in S, 
that is, we have to check that V rjr^fari = ^ 1^1 m • 

' \Stab w (<T x )\ \Stab w (vi)\ 

x in the list 

A.l D n 

Let n > 4. The Weyl group Wo n of type D n is the finite group of isometries of W 1 generated 
by the reflections at the hyperplanes orthogonal to the fundamental root vectors: 

r\ — e\ + e 2 , = a - e;_i for 2 < i < n 
The fundamental Weyl chamber A can be described by the inequalities: 

(1) (2) (3) (n) 

—X 2 < Xx < x 2 < • • • < x n . 

Next we exhibit an element representing the vertices of the fundamental Weyl chamber A, 
i.e. elements of R + - Vf 
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1- vertex: 

2- vertex: 

3- vertex: 



V 3 



( 1,1,1, 
(-1,1,1, 

( 0,0,1, 



,1) 
,1) 
,1) 



(n — l)-vertex: v n -i ( 0, . . . , 0, 1, 1) 

n-vertex: v n ( 0, . . . , 0, 0, 1) 

The Weyl group W Dn acts on W n by permutations of the coordinates and change of signs in 
an even number of places. 

A. 2 E 6 

The Weyl group We 6 of type E 6 is the finite group of isometries of M 6 = {(x±, . . . ,x$) G 
M 8 | x e = x 7 = x 8 } generated by the reflections at the hyperplanes orthogonal to the funda- 
mental root vectors: 

n = -(1, 1, 1, -1, -1, -1, -1, -1), n = ei- ej_i for 2 < % < 5; . 

and r 6 = 1(1,1, 1,1, -1,1, 1,1). 
The fundamental Weyl chamber A can be described by the inequalities: 

(1) (2) (3) (5) (6) 

x 4 + x 5 -\ \-x s < xi + x 2 + x 3 ; x 1 < x 2 < ■ ■ ■ < x 5 ; x 5 < x ± H h x 4 + x 6 + x 7 + x 8 - 

Next we exhibit an element representing the vertices of the fundamental Weyl chamber A, 
i.e. elements of 



1-vertex: 


Vl 


( 1, 


1, 


1, 


1, 


1, 


-1, 


-1, 


-1) 


2-vertex: 


V2 


(-3, 


3, 


3, 


3, 


3, 


-1, 


-1, 


-1) 


3-vertex: 


V3 


( o, 


o, 


3, 


3, 


3, 


-1, 


-1, 


-1) 


4-vertex: 


V 4 


( 1, 


1, 


1, 


3, 


3, 


-1, 


-1, 


-1) 


5-vertex: 


v 5 


( 3, 


3, 


3, 


3, 


9. 


-1, 


-1, 


-1) 


6-vertex: 


V 6 


( 3, 


3, 


3, 


3, 


3, 


1, 


1, 


1) 



We list now the orbits of the 2-vertices of A under the action of the Weyl group (modulo 
the following elements of the Weyl group: permutations of the first five coordinates and change 
of sign in an even number of places in the first five coordinates). We give representing vectors 
for the vertices. The 6- vertices are just the antipodes of the 2-vertices. 

2-vertices (-3, 3, 3, 3, 3,-1,-1,-1), ( 0, 0, 0, 0, 3, 1, 1, 1), 
( 0, 0, 0, 0, 0,-1,-1,-1). 

This list can be verified by checking that the vertices listed indeed lie on the orbit We 6 • v 2 
and there are as many as |^£ 6 |/|Vl/£> 5 | = 3 3 . 

We describe in the following table the 2- and 6- vertices x in [3 2 - Let a be the face of £„ 2 A 
containing v 2 x in its interior. 
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X 


d(x,v 2 ) 


Type of a 


2- vertices x 7^ v 2 


( 3,-3, 3, 3, 3,-1,-1,-1) 
( 3, 0, 0, 0, 0, 1, 1, 1) 


arccos(|) 

2tt 
3 


3 
6 


6- vertices 


( 3, 3, 3, 3, 3, 1, 1, 1) 
( 3, 0, 0, 0, 0,-1,-1,-1) 


7T 

3 

arccos(— |) 


6 
1 



A. 3 E 7 

The Weyl group W Er of type E 7 is the finite group of isometries of M 7 = {(xi, . . . , x 8 ) G 
R 8 I x-j = x s } generated by the reflections at the hyperplanes orthogonal to the fundamental 
root vectors: 

r\ = -(1, 1, 1, -1, -1, -1, -1, -1), Ti = d- e;_i for 2 < i < 6 

and r 7 = i(l, 1,1, 1,1, -1,1,1). 
The fundamental Weyl chamber A can be described by the inequalities: 

(1) (2) (3) (6) (7) 

x A + x 5 -\ h x 8 < x 1 + x 2 + x 3 ; xi < x 2 < ■ ■ ■ < x 6 ; x & < x 1 H \- x 5 + x 7 + x 8 . 

Next we exhibit an element representing the vertices of the fundamental Weyl chamber A, 
i.e. elements of M + - Vi\ 



1-vertex: 


Vl 


( 1, 


1, 


1, 


1, 


1, 


1, 


-2, 


-2) 


2-vertex: 


V2 


(-1, 


1, 


1, 


1, 


1, 


1, 


-1, 


-1) 


3-vertex: 


V3 


( 0, 


0, 


1, 


1, 


1, 


1, 


-1, 


-1) 


4-vertex: 


V 4 


( 1, 


1, 


1, 


3, 


3, 


3, 


-3, 


-3) 


5-vertex: 


V5 


( 1, 


1, 


1, 


1, 


3, 


3, 


-2, 


-2) 


6-vertex: 


v e 


( 1, 


1, 


1, 


1, 


1, 


3, 


-1, 


-1) 


7-vertex: 


v 7 


( 1, 


1, 


1, 


1, 


1, 


1, 


0, 


0) 



We list now the orbits of the 2- and 7-vertices of A under the action of the Weyl group 
(modulo the following elements of the Weyl group: permutations of the first six coordinates, 
change of sign in an even number of places in the first six coordinates and simultaneous change 
of sign of the last two coordinates). We give representing vectors for the vertices. 

2-vertices (-1, 1, 1, 1, 1, 1,-1,-1), ( 0, 0, 0, 0, 0, 0, 2, 2), 
( 0, 0, 0, 0, 2, 2, 0, 0). 

7-vertices ( 1, 1, 1, 1, 1, 1, 0, 0), ( 0, 0, 0, 0, 0, 2, 1, 1). 

This list can be verified by checking that the vertices listed indeed lie on the orbits We 7 • Vi 
and there are as many as \WE 7 \/\Stabw Er (vi)\- 

We describe in the following table the 2-vertices x in f3 2 - Let a be the face of E„ 2 A containing 
v 2 x in its interior. 
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2-vertices 

x ^ v 2 ,v 2 



1, -1, 1, 1, 1, 1,-1,-1) 

2, 0, 0, 0, 0, 2, 0, 0) 
2,-2, 0, 0, 0, 0, 0, 0) 



d(x,v 2 ) 



3 

7T 

2 

2tt 
3 



Type of a 
3 
6 
3 



We describe in the following table the 2- and 7-vertices x in (3 7 . Let a be the face of £„ 7 A 
containing v 7 x in its interior. 





X 


d(x,v 7 ) 


Type of a 




(-1, 


1, 


1, 


1, 


1, 


1, 


-1, 


-1) 


arccos(^) 


2 


2-vertices x 


( o, 


o, 


o, 


o, 


o, 


o, 


-2, 


-2) 


7T 

2 


1 




(-1, 


-1, 


-1, 


-1,- 


-1, 


1, 


-1, 


-1) 


arccos(— 4^) 


6 


7-vertices 


( o, 


o, 


o, 


o, 


o, 


2, 


1, 


1) 


arccos(|) 


6 


x ^ v 7 ,v 7 


(-2, 


o, 


o, 


o, 


o, 


o, 


1, 


1) 


arccos(— |) 


2 



A.4 E 8 

The Weyl group We 8 of type E 8 is the finite group of isometries of M 8 generated by the reflections 
at the hyperplanes orthogonal to the fundamental root vectors: 



ri = -(1, 1, 1, -1, -1, -1, -1, -1) and n = d - e^i for 2 < % < 8. 



The fundamental Weyl chamber A can be described by the inequalities: 



(1) (2) (3) (4) (8) 

x 4 + x 5 H h x 8 < Xi + x 2 + x 3 ; Xi < x 2 < x 3 < . . . < x 8 . 

Next we exhibit an element representing the vertices of the fundamental Weyl chamber A, 
i.e. elements of M + - vf. 



1-vertex: 


Vl 


(-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1) 


2- vertex: 


v 2 


(-3, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1) 


3-vertex: 




(-2, 


-2, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1) 


4-vertex: 


V 4 


(-5, 


-5, 


-5, 


-3, 


-3, 


-3, 


-3, 


-3) 


5-vertex: 


v 5 


(-2, 


-2, 


-2, 


-2, 


-1, 


-1, 


-1, 


-1) 


6-vertex: 


v e 


(-3, 


-3, 


-3, 


-3, 


-3, 


-1, 


-1, 


-1) 


7-vertex: 


v 7 


(-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


o, 


0) 


8-vertex: 


V8 


(-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


1) 



We list now (modulo the following elements of the Weyl group: permutations of the coor- 
dinates and change of sign in an even number of places) the orbits of the vertices of A of type 
1, 2, 6, 7, 8 under the action of the Weyl group. We give representing vectors for the vertices. 
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1-vertices 


(-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1), 


2 ^ 1 


1, 


1, 


1, 


1, 


1, 


1, 


1), 




U 3 


3, 


3, 


1, 


1, 


1, 


1, 


1), 


( o, 


o, 


o, 


1, 


1, 


1, 


1, 


2). 


2-vertices 


(-3, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1), 


( 2, 


2, 


2, 


2, 


o, 


o, 


o, 


o), 




( 4, 


o, 


o, 


o, 


o, 


o, 


o, 


0). 


















6- vert ices 


(-3, 


-3, 


-3, 


-3, 


-3, 


-1, 


-1, 


-1), 


( 6, 


2, 


2, 


2, 


o, 


o, 


o, 


o), 




( 4, 


4, 


4, 


o, 


o, 


o, 


o, 


o), 


(-5, 


3, 


3, 


1, 


1, 


1, 


1, 


1), 

/ 7 




( 4, 


4, 


2, 


2, 


2, 


2, 


o, 


0). 


















7-vertices 


(-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


o, 


o), 


( 2, 


1, 


1, 


o, 


o, 


o, 


o, 


o), 






3, 


1, 


1, 


1, 


1, 


1, 


1). 


















8- vert ices 


(-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


1), 


( 2, 


2, 


o, 


o, 


o, 


o, 


o, 


0). 



This list can be verified by checking that the vertices listed indeed lie on the orbits We 8 ■ i>i 
and there are as many as \WE 8 \/\Stabw Eg (vi)\- 

We describe in the following table the 2- and 8- vertices x in (5 2 . Let a be the face of £„ 2 A 
containing v 2 x in its interior. 





x 


d(x,v 2 ) 


Type of a 




( 1, 


-3, 


-1, 


-1, 


-1, 


-1, 


-1, 


1) 


arccos(|) 


3 




( o, 


-2, 


-2, 


-2, 


-2, 


o, 


o, 


0) 


7T 

3 

arccos(|) 


6 




( 1, 


-3, 


-1, 


-1, 


-1, 


-1, 


-1, 


1) 


38 


2-vertices 


( 1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


3) 


7T 

2 


8 


x ^ v 2 , v 2 


( 2, 


-2, 


-2, 


-2, 


o, 


o, 


o, 


0) 


7T 

2 


5 




( 3, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


1) 


arccos(— |) 


18 




( 3, 


-1, 


-1, 


-1, 


-1, 


1, 


1, 


1) 


2tt 
3 


6 




( 4, 


o, 


o, 


o, 


o, 


o, 


o, 


0) 


arccos(— |) 


1 




(-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


1) 


7T 

4 


8 




( 1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1, 


-1) 


arccos^) 


1 


8- vert ices x 


( 1, 


-1, 


-1, 


-1, 


-1, 


-1, 


1, 


1) 


7T 

2 


7 




( 2, 


-2, 


o, 


o, 


o, 


o, 


o, 


0) 


arccost-^) 


3 




( 2, 


o, 


o, 


o, 


o, 


o, 


o, 


2) 


arccos(^ L ) 


8 



We describe in the fo 
or arccos(— |), and the 8- 
containing vyx in its inter 



owing table the 7-vertices x in f3 7 , such that d(x,v 7 ) = arccos(— |) 
vertices x in /3 7 , such that d(x,v 7 ) > |. Let <r be the face of £„ 7 A 
or. 
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X 


d(x, v 7 ) 


Type of a 




( 

\ 


0, 


0, 


0, 


0, 


0, 


2, 


-1, 


-1) 


arccosf— 4) 


6 




( 


o, 


0. 


0. 


0. 


1. 


1. 


-2, 


0) 


arccosf— k) 


58 


*~7 J_ * 

7-vertices x 


K 
( 


-1, 
o, 


1, 

0. 


1, 

0. 


1, 

0. 


1, 
o, 


1 

1, 


-3. 

-2, 


-3) 
1) 


arccos(— |) 
arccos(— |) 


12 

68 




K 


-3, 


1, 


1, 


1, 


1, 


1 


-3. 


-1) 


arccos(— |) 


28 




( 


o, 


o, 


o, 


o, 


o, 


1, 


-2, 


-1) 


arccos(— |) 


168 




( 


1, 


1, 


1, 


1, 


1, 


1, 


-1, 


1) 


7^7 

arccos(— ^) 


8 


8- vert ices x 


(- 


-1, 


1. 


1. 


1. 


1. 


1. 


-1, 


-1) 


arccos(— -^=) 


2 




( 


0. 


0. 


0. 


0. 


0. 


2. 


-2, 


0) 


arccos (__i 73 ) 


68 



In order to make it easier to verify the table above, we present the complete table in 
Appendix El 

We want to describe the simplicial convex hull C of the segment Vjx for the 7-vertex x = 
(0,0,0,0,0,1,-2,-1), for this we present first a larger 3-dimensional spherical polyhedron, 
namely the tetrahedron C := CH(v8,y,u$,y'), where y = (— 1, — 1, — 1, — 1, — 1, — 1, 1, — 1), 
u 8 = (0,0,0,0,0,0,-2,-2) and y' = (0,0,0,0,0,2,-2,0). Notice that v 7 = m{v 8 ,y) and 
x = m(y',us)- C is a subcomplex with four 2-dimensional faces: the triangles CH(v 8 ,y,y'), 
CH(z,y,y'), CH(y,us,vs) and CH(y',U8,Vs). The figures illustrate the tetrahedron C from 



the front and from behind. 

y' 



VS 8 




( 0, 0, 0, 0, 0, 1,-2,-1) 
(-1,-1,-1,-1,-1,-1, 1,-1) 

-1,-1,-1,-1,-1, 1,-1,-1) 

0, 0, 0, 0, 0, 2,-2, 0) 

-1,-1,-1,-1,-1, 1,-5,-1) 

(-1,-1,-1,-1,-1, 3,-5,-3) 

0, 0,-2,-2) 

1, -1,-3,-1) 



The triangles CH(v 8 , m, x) and CH(vt, m, u 8 ) 
are 2-dimensional subcomplexes. If we cut C 
along these triangles, we obtain a convex sub- 
complex C" := CH(v 7 ,v 8 ,x,u 8 ,m). It has 
six 2-dimensional faces: the triangles v 7 
CH(m,v 7 ,u 8 ), CH(m,x,v 8 ), CH(m,v 7 ,v 8 ), 
CH(m,x,u 8 ), CH(v 7 ,v 8 ,u 8 ) and CH(x,u 8 ,v 8 ). Recall that the direction v^x spans the 168- 
face in X^A, this implies that v±, Vq and v 8 are contained in the simplicial convex hull C of 
v 7 x. We can also see that the direction xv^ spans the 168-face with vertices xu[, xu\ and xu 8 . 
In particular, u 8 G C. Considering the triangle CH(v 7 ,m,u 8 ) we deduce that also m G C. It 
follows that C = C" . The next figure shows the link S m C". 
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mug 




mv 7 ^ ~ 



We describe in the following table the 8- vertices x in (3$. Let a be the face of S Vg A containing 
Vs~x in its interior. 





X 


d(x,v 8 ) 


Type of a 




(-1, 


-1, 


-1, 


-1,- 


-1, 


-1, 


1, 


-1) 


7T 


7 


8- vertices 


















3 




(-2, 


0. 


0. 


0. 


0. 


0. 


0. 


-2) 


7T 


2 


X ^ V 8 ,V~8 


( o, 


0. 


0. 


0. 


0. 


0. 


2, 


-2) 


2 

2tt 
3 


7 



We describe in the following table the 7-vertices x in /3 7 (2, 8) with d(x,v 7 ) > |. Let a be 
the face of St, 7 A (2, 8) containing v 7 x in its interior. 





X 


d(x, v 7 ) 


Type of a 


7-vertices 


( o, 


0, 1, 


1, 1, 


1,-1,-1) 


arccos(— |) 


3 


X ^ v 7 ,v 7 


( o, 


0, 0, 


0, 0, 


2,-1,-1) 


arccos(— |) 


6 



In order to make it easier to verify the table above, we present the complete table in 
Appendix [B] 

We describe in the following table the 1-vertices x in /?i(2, 7, 8) with d(x, Vi) > |. Let a be 
the face of E Vl A(2, 7, 8) containing v\x in its interior. 





X 


d(x, vi) 


Type of a 




\ 


-1, 


-1, 


-1, 


-1, 


1, 


3, 


3, 


3) 


arccos(— 


8^ 


56 


1-vertices 


( 


-1,- 


-1, 


1, 


1, 


1, 


1. 


1, 


1) 


2tt 
3 




3 


X ^ Vi,Vx 


\ 


-1, 


-1, 


1, 


1. 


1, 


3. 


3. 


3) 


arccos(— 


8^ 


36 




\ 




1. 


1, 


1. 


1, 


3. 


3. 


3) 


arccos(— 


8^ 


6 



In order to make it easier to verify the table above, we present the complete table in 
Appendix El 

We describe in the following table the 6-vertices x in f3e(l, 2, 7, 8) with d(x, vq) > |. Let a 
be the face of E„ 6 A(l, 2, 7, 8) containing vqX in its interior. 





X 


d(x,v 6 ) 


Type of a 


6-vertices 

X ^ Vq,V 6 


( 0, 0, 0, 0, 6,-2,-2,-2) 
( 0, 0, 2, 4, 4,-2,-2,-2) 
( 1, 1, 3, 3, 5,-1,-1,-1) 


arccos(— |) 

2vr 
3 

arccos(— |) 


5 

34 
35 



Let us verify this last table. By considering the following 2-dimensional bigons, we can see 
that if there are 6-vertices missing in the table above, they must lie in the interior of /3q(1, 2, 7, 8). 
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A 6- vertex x in the interior of ^(l, 2, 7, 8) should satisfy 

, (1) , , (2) (3) (*) (j) (7) (8) 

£4 + £ 5 + • • • + Xg = X\ + x 2 + £3 ; Xi = x 2 < x 3 < £ 4 < £ 5 ; £ 5 > £ 6 = £7 = x$. 

In particular, we have four different values £2 < £3 < £4 < £5. Hence, £ cannot be a permuta- 
tion of (±4, ±4, ±4, 0, 0, 0, 0, 0). 

If x is obtained from (—3, —3, —3, —3, —3, —1, — 1, —1) by permutations of the coordinates 
and change of sign in an even number of places, then x\ = x 2 = —3, £3 — — 1, £4 — 1 and 
£ 5 = 3. By the equalities (1), (2), (7) and (8), it follows that £ 6 = — y, which is not possible. 

If x is obtained from (±6, ±2, ±2, ±2, 0, 0, 0, 0) by permutations of the coordinates, then 
(x 2 , x 3 , 24, £5) = (—6, —2, 0, 2), but Xi = x 2 = —6 is not possible; or (x 2 , x 3 , £4, x 5 ) = (—2, 0, 2, 6) 
In this case the equalities (1), (2), (7) and (8) imply x 6 = —4, which is not possible. 

If x is obtained from (—5, 3, 3, 1, 1, 1, 1, 1) by permutations of the coordinates and change 
of sign in an even number of places, then x 2 G {—5, —3, —1}. £1 = x 2 = —5 is not possible. 
£2 = —3 implies (xi, x 2 , £3, £4, £5) = (—3, —3, —1, 1, 5) and equalities (1), (2), (7) and (8) imply 
xq = — y. This is again impossible. x 2 = —1 implies (£1, x 2 , x 3 , £ 4 , x 5 ) = (—1,-1,1,3,5) and 
equalities (1), (2), (7) and (8) imply £5 — £7 — £8 — — 3, which cannot happen. 

If £ is obtained from (±4, ±4, ±2, ±2, ±2, ±2, 0, 0) by permutations of the coordinates, 
then (xi, £2, £3, £4, £5) = (—4,-4,-2,0,2) or (—2,-2,0,2,4). In both cases the equalities 
£6 = £7 = £s cannot be satisfied. 

So we have verified that /^(l, 2, 7, 8) contains no 6- vertices in its interior and therefore our 
table is complete. 

B More information about i? 8 

In this section, we complete some tables given in Appendix IA.4I Although this information is 
not directly used in the proof of our main result, we present it here in order to make it easier 
to verify the tables in Appendix IA.41 

The next table lists the 7-vertices x in (3f with d(x,vj) > |. The vertices marked with * 
are the ones at distance = | to v 7 . Let a be the face of S„ 7 A containing Vfx in its interior. 
Let a x be the face of A spanned by the initial part of the segment vjx. 
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X 


Type of a 


. \Stabw E (v7)\ 

\Stab WEs (v 7 ) ■ x\ - \ stabwE y ax) \ 




1, 


1, 


1, 


1, 


1, 


1, 


o, 


0) 




\We 6 \\W Ai \/{\W e ,\\W Ai \) = 1 




o, 


0. 


1- 


1, 


1, 


1- 


-1, 


-1) 


3 


\W E& \\W Al \/{\W M \\W M \\W M \) = 216 


-J, 1 
2 1 


-1, 


-1, 


-1, 


1- 


1, 


1- 


-3, 


-3) 


4 


\W E6 \\W Al \/(\W A2 \\W Al \\W A2 \\W Al \) = 720 




o, 


0. 


0. 


0. 


0. 


2. 


-1, 


-1) 


6 


\W E6 \\W Al \/(\Wn 5 \\W Al \) = 27 


1 

1 

2 1 


1, 


1- 


1- 


1- 


1- 


1- 


-3, 


3) 


8 


1^1^1/1^1 = 2 


1 

2 1 


-1, 


1- 


1: 


1- 


1: 


1- 


-3, 


-3) 


12 


1^11^1/(1^11^1) = 432 




o, 


1, 


1: 


1, 


1: 


1- 


-1, 


0) 


28 


\W E6 \\W Al \/\W D5 \ = 5A 


i 

2 ' 


-3, 


1- 


1: 


1- 


1: 


1- 


-3, 


-1) 


28 


1^11^1/1^1 = 54 




o, 


0. 




0. 


1: 


1- 


-2, 


0) 


58 


\We 6 \\W Ai \/(\W A4 \\W Ai \) = A32 




o, 


0. 


0. 


0. 


0. 


1- 


-2, 


1) 


68 


\W Eb \\W Ai \/\W D5 \ = 5A 


1 | 

2 1 


1, 


1. 


I- 


1. 


I- 


3. 


-3, 


1) 


68 


\We 6 \\W Ai \/\W Db \ = 5A 




o, 


0. 


0. 


0. 


0. 


1- 


-2, 


-1) 


168 


\W E6 \\W Al \/\W A ,\ = 864 


* 


-1, 


0. 


0. 


0. 


0. 


1- 


-2, 


0) 


268 


\We 6 \\W Ai \/\W D4 \ = 540 


1 / 

2 [ 


-1, 


1- 


1. 


1- 


1. 


3. 


-3, 


-1) 


268 


1^11^1/1^1 = 540 



Notice that since the antipode Vj of v? is also a 7-vertex, then the number of 7-vertices in 
5* at distance < f to v 7 is the same as the number of 7-vertices in S at distance > | to v 7. It 
follows that the number of 7-vertices in S is two times the number of 7-vertices in S at distance 
< I to v 7 minus the number of 7-vertices at distance = ~ to v-j. With this observation and the 
one at the end of the introductory section of Appendix [Aj we can verify the correctness of the 
list above: 2(1 + 216 + 720 + 27 + 2 + 432 + 54 + 54 + 432 + 54 + 54 + 864 + 540 + 540) -720-540 = 
6720 = , qf j^al = #{7- vertices in S}. 

The next table lists the 8-vertices x in with d(x, v-?) > ~. The vertices marked with * 
are the ones at distance = | to v-j. Let a be the face of E„ 7 A containing v-jx in its interior. 



X 


Type of a 


* ( 0, 


0, 


0, 


0, 


0, 


0, 


-2, 


-2) 


1 


(-1, 


1- 




1- 


1. 


1. 


-1, 


-1) 


2 


( 1, 


1. 


1. 


1. 


1. 


1. 


-1, 


1) 


8 


* ( 0, 


0. 


0. 


0. 


0. 


0. 


-2, 


2) 


8 


( 0, 


0. 


0. 


0. 


0. 


2. 


-2, 


0) 


68 



The next table lists the 1-vertices x in (3i with d(x,Vi) > |. The vertices marked with * 
are the ones at distance = ^ to v±. Let a be the face of T, Vl A containing v\x in its interior. 
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X 


Type of cr 


. \Stabw E (fi)| 

\Stab WEa ( Vl ) ■ x\ - lstabwE l ((7x)l 




1, 


1, 


1, 


1, 


1, 


1, 


1, 


1) 




\W A7 \/\W A7 \ = 1 


2 ' 


-5, 


1. 


1, 


1- 


1. 


1. 


1. 


1) 


2 


\W A7 \/\W A6 \ = 8 




-1, 


-1, 


1- 


1- 


1. 


1. 


1. 


1) 


3 


\W A7 \/(\W Al \\W A A) = 28 




-1, 


-1, 


-1, 


-1, 


1. 


1. 


1. 


1) 


5 


\W Ar \/(\W A3 \\W A3 \) = 70 


i 
i 

2 1 


1, 


1. 


1, 


1- 


1. 


3. 


3. 


3) 


6 


1^1/(1^11^1) = 56 




-2, 


0. 


0. 


0. 


1. 


1. 


1. 


1) 


25 


\W A7 \/(\W A2 \\W A3 \)=280 


2 ' 


-1, 


1. 


1: 


1- 


1, 


1. 


1, 


5) 


28 


\W A7 \/\W A5 \ = 56 


2 ' 


-1, 


-1, 


1: 


1, 


1, 


3. 


3. 


3) 


36 


\W A7 \/(\W Al \\W A2 \\W A2 \)=5Q0 


2 ' 


-3, 


-3, 


1, 


1- 


1. 


1. 


1. 


3) 


38 


1^1/(1^11^1) = 168 




o, 


0. 


0. 


1- 


1. 


1. 


1. 


2) 


48 


1^1/(1^11^1) = 280 


1 

2 1 


-1, 


-1, 


-1, 


1- 


1. 


1. 


1. 


5) 


48 


\W A7 \/(\W A2 \\W A ,\) = 280 


2 


-1, 


-1, 


-1, 


-1, 


1. 


3. 


3. 


3) 


56 


\W A7 \/(\W A2 \\W Aa \) = 280 


2 ' 


-1, 


-1, 


-1, 


-1, 


-1, 


1. 


1. 


5) 


68 


1^1/(11^11^1) = 168 




-2, 


-1, 


0. 


0. 


0. 


1. 


1. 


1) 


236 


\W A7 \/(\W A2 \\W A2 \) = 1120 


1 , 

2 ( 


-3, 


— 1, 


-1 

1- 


-1 

1- 


1. 


1. 


3. 


3) 


237 


1^1/(1^11^1) = 840 


1 / 

2 1 


-3, 


-1, 


-1, 


-1, 


1, 


1. 


3. 


3) 


257 


1^1/(1^11^11^1) = 1680 




-1, 


0. 


o. 


0. 


1, 


1. 


1, 


2) 


258 


\W A7 \/(\W A2 \\W A2 \) = 1120 




-1, 


-1, 


o. 


0. 


o. 


1. 


1, 


2) 


368 


1^1/(1^11^11^1) = 1680 


* 


-1, 


-1, 


-1, 


0. 


0: 


0. 


1, 


2) 


478 


\W A7 \/(\W A2 \\W A2 \) = 1120 



We can verify this table as we did with the table above: 2(1 + 8 + 28 + 70 + 56 + 280 + 56 + 
560 + 168 + 280 + 280 + 280 + 168 + 1 120 + 840 + 1680 + 1 120 + 1680 + 1120) - 70 - 1 120 - 1120 = 
17280 = ^4 = vertices in S}. 
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